FIELDS OF MODULI OF THREE-POINT G-COVERS WITH 

CYCLIC p-SYLOW, II 



ANDREW OBUS 



Abstract. We continue the examination of the stable reduction and 
fields of moduli of G-Galois covers of the projective line over a com- 
plete discrete valuation field of mixed characteristic (0,p), where G has 
a cyclic p-Sylow subgroup P of order p n . Suppose further that the nor- 
malizer of P acts on P via an involution. Under mild assumptions, if 
/ : Y — > P 1 is a three-point G-Galois cover defined over C, then the 
nth higher ramification groups above p for the upper numbering of the 
(Galois closure of the) extension K/Q vanish, where K is the field of 
moduli of /. 



1.1. Overview. This paper continues the work of the author in [Obu09a 
about ramification of primes of Q in fields of moduli of three-point G-Galois 
covers of the Riemann sphere. We place bounds on the ramification of 
the prime p when a p-Sylow subgroup P of G is cyclic of arbitrary order 
(Theorem II. ip . This was done in [Bec89] for P trivial, and in Wew03b 
for \P\ = p. In |Wew03b] . Wewers used a detailed analysis of the stable 
reduction of the cover to characteristic p, inspired by results of Raynaud 
( |Ray99| ). However, many of the results on stable reduction in the literature 
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(particularly, those in the second half of |Ray99| ) are only applicable when 

\P\ = p. 

In |Obu09bj . the author generalized much of |Ray99| to the case where 
P is cyclic of any order. In [Obu09a], these results were applied under the 
additional assumption that G is p-solvable (i.e., has no nonabelian simple 
composition factors with order divisible by p) to place bounds on ramifi- 
cation of p in the field of moduli of a three-point G-cover. In this paper, 
we drop the assumption of p-solvability, but we assume that the normalizer 
of a p-Sylow subgroup P acts on P via an involution. This hypothesis is 
satisfied for many non-p-solvable groups (Remark 11.31 (i)). and was used as 
a simplifying assumption in |BW04] (in the case where \P\ = p) to examine 
the reduction of four-point G-covers of P 1 . It will simplify matters in our 
situation as well. 

Let / : Y — > X = Pj. be a finite, connected, G-Galois branched cover 
of Riemann surfaces, branched only at Q-rational points. Such a cover can 
always be defined over Q. If there are exactly three branch points (without 
loss of generality, 0, 1, and oo), such a cover is called a three-point cover. 
The fixed field in Q of all elements of Aut(Q/Q) fixing the isomorphism 
class of / as a G-cover (i.e., taking into account the G-action) is a number 
field called the field of moduli of / (as a G-cover). By [CH851 Proposition 
2.7], it is also the intersection of all fields of definition of / (along with the 
G-action). Occasionally, we will also discuss the fields of moduli and fields 
of definition of branched covers as mere covers. This means that the G- 
action is not taken into account. For more details, see, e.g., [CH85J or the 
introduction to |Obu09a] . 

Since a branched G-Galois cover / : Y — > X of the Riemann sphere is 
given entirely in terms of algebraic data (the branch locus G, the Galois 
group G, and an element gi 6 G for each Cj 6 G such that \\ i gi = 1 and the 
gi generate G), it is reasonable to try to draw inferences about the field of 
moduli of / based on these data. But this is a deep question, as the relation 
between topology of covers and their defining equations is given by |GAGA| . 
where the methods are non-constructive. 

The problem of determining the field of moduli of a three-point cover has 
applications toward analyzing the fundamental exact sequence 

1 -> 7Tl(IPjj \ {0, 1, OO}) -> 7a(Pfc \ {0, 1, OO}) -> G Q 1, 

where tt\ is the etale fundamental group functor. Our knowledge of this 
object is limited (note that complete knowledge would yield a complete 
understanding of Gq). The exact sequence gives rise to an outer action of 
Gq on IT := 7r i(P^ \ {0,1, oo}). This outer action would be particularly 
interesting to understand. Knowing about fields of moduli sheds light as 
follows: Say the G-Galois cover / corresponds to the normal subgroup N C 
IT, so that li/N = G. If K is the field of moduli of /, then the group 
Gk < Gq consists exactly of those elements whose outer action on II both 
preserves N and descends to an inner action on li/N = G. 
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I. 2. Main result. Suppose / : Y — > X = P 1 is a three-point G-cover. If 
p\ |G| , then p is unramified in the field of moduli of / ([Bec89j). If G has a p- 
Sylow group of order p (thus cyclic) , then p is tamely ramified in the field of 
moduli of / ( |Wew03b| ). Furthermore, if G has a cyclic p-Sylow subgroup of 
order p n and is p-solvable (i.e., has no nonabelian simple composition factors 
with order divisible by p), then the nth higher ramification groups above p 
for the upper numbering vanish in K/<Q, where K is the field of moduli of 
/ ( |Obu09a| ). Our main result extends this to many non-p-solvable groups. 

If H < G, we write Nq(H) for the normalizer of H in G and Zq(H) for 
the centralizer of H in G. 

Theorem 1.1. Let f : Y — > X be a three-point G -Galois cover of the 
Riemann sphere, and suppose that a p-Sylow subgroup P < G is cyclic of 
order p n . Suppose \Nq(P) / Zq(P)\ = 2. Lastly, suppose that at least one of 
the three branch points has prime-to-p branching index (if exactly one, then 
we require p ^ 3). If K/Q is the field of moduli of f, then the nth higher 
ramification groups for the upper numbering of (the Galois closure of) K/Q 
vanish. 

Remark 1.2. By |Obu09a| Proposition 4.1], it suffices to prove Theorem 

II. 11 for covers over Qp r , rather than Q, and for higher ramification groups 
over Qp' r . Here, and throughout, is the completion of the maximal 
unramified extension of Q p . This is the version we prove in £j3j In fact, 
we prove even more, i.e., that the stable model of / can be defined over a 
field K/Q)p r whose nth higher ramification groups for the upper numbering 
vanish above p. 

Remark 1.3. : (i) Many simple groups G satisfy the hypotheses of 
Theorem 11.11 (for instance, any PSL2(£) where p ^ 2 and v p {£ 2 — 1) = 
n). 

: (ii) If Ng(P) = Zg(P), then G is p-solvable by a theorem of Burnside 
([Zas56, Theorem 4, p. 169]), and thus falls within the scope of 
[Obu09a| Theorem 1.3]. Theorem 11.11 seems to be the next easiest 
case. 

: (iii) I expect Theorem 11.11 to hold even if p = 3 or if all branching 
indices are divisible by p. See Question 14.11 

As in |Obu09a| . our main technique for proving Theorem 11.11 will be an 
analysis of the stable reduction of the G-cover / to characteristic p. The 
major difference between the methods of this paper and those of [Obu09a] 
is this paper's use of the auxiliary cover. This is a construction, introduced 
by Raynaud (|Ray99|), to simplify the group-theoretical structure of a Galois 
cover of curves. In particular, by replacing / with its auxiliary cover f aux ? 
we obtain a Galois cover whose field of moduli is related to that of /, but 
which now has a p-solvable Galois group. 

Unfortunately, the cover f aux in general has extra branch points, and 
it is not obvious where these extra branch points arise. The crux of the 
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proof of Theorem 11.11 is understanding where these extra branch points are 
located; this is the content of §3.3.21 and is the reason why Theorem 11.11 is 
significantly more difficult than the analogous theorem where G is assumed 
to be p-solvable. Our assumption that \Ng(P)/Zq(P)\ = 2 alleviates this 
difficulty somewhat, as it allows us to work with more explicit equations 
(see §3.31 and Question 14. 2j) . 

1.3. Section-by-section summary and walkthrough. In §2.11 we recall 
the basic results about ramification of field extensions. In §2.21 and §2.31 we 
introduce stable reduction of G-covers, and state some of the basic proper- 
ties. Much of this appears already in [Obu09a], and is known to the experts. 
In §2.41 we recall the vanishing cycles formula from |Obu09a] . which is in- 
dispensable for the proof of Theorem ll.il In §2.51 we introduce the auxiliary 
cover and the strong auxiliary cover, and give some of their properties. In 
§2.61 we give some explicit results on the reduction of Z/p™-torsors. In §2.6.41 
we recall the construction of deformation data given in |Obu09b] , which is a 
generalization of that given in [Hen99j . In §2.71 we discuss monotonicity of 
stable reduction (a property that becomes relevant when > 1), and 
show that it is satisfied for all covers in this paper. 

In §31 we prove our main result, Theorem 11.11 The proof is divided 
into §3.11 §3.21 and §3.31 corresponding to the case of 3, 2, and 1 branch 
point (s) with prime-to-p branching index, respectively. The proof for 1 
branch point with prime-to-p index is by far the most difficult (as it involves 
the appearance of an extra branch point in the auxiliary cover), and toward 
the beginning of §3.31 we give an outline of the proof and of how it is split 
up over §3XTV§3331 

In §31 we consider some questions arising from this work. In Appendix lAl 
we give an example of a three-point cover with nontrivial wild monodromy 
(see the appendix for more details). Appendix [A] is not needed for the rest 
of the paper. 

For reasons that will become clear in §3.31 the case p = 5 presents some 
complications. The reader who is willing to assume p > 5 may skip Lemma 
EH(ii), Remark EH1 Proposition EE] (ii), Remark E2S1 Proposition E2S] 
(ii), Proposition l3.31l (ii). (iii), Lemma l3.331 and Proposition l3.35l (iic). which 
are among the more technical parts of the paper. 

1.4. Notation and conventions. The letter p always represents a prime 
number. If G is a group and H a subgroup, we write H < G. Recall that 
Ng{H) is the normalizer of H in G and Zq{H) is the centralizer. The 
order of G is written |G|. If G has a cyclic p-Sylow subgroup P, and p is 
understood, we write mc = \Nq(P) /Zq(P)\. 

If K is a field, K is its algebraic closure. We write Gk for the absolute 

jj 

Galois group of K. If H < Gk, we write K for the fixed field of H in K. 
Similarly, if T is a group of automorphisms of a ring A, we write A r for the 
fixed ring under T. 
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If x is a scheme-theoretic point of a scheme X, then Ox,x is the local ring 
of x on X. If R is any local ring, then R is the completion of R with respect 
to its maximal ideal. If R is any ring with a non-archimedean absolute value 
| • | , then R{T} is the ring of power series Ci ^ % sucn that limj_ 5 . 00 \a | =0. 
If R is a discrete valuation ring with fraction field K of characteristic and 
residue field k of characteristic p, we normalize the absolute value on K and 
on any subring of K so that \p\ = 1/p. We always normalize the valuation 
on K so that p has valuation 1. 

A branched cover f : Y — > X is a finite, surjective, generically etale 
morphism of geometrically connected, smooth, proper curves. If / is of 
degree d and G is a finite group of order d with G = A\it(Y/X), then / is 
called a Galois cover with (Galois) group G. If we choose an isomorphism 
i : G — > Aut(Y/X), then the datum (/, i) is called a G-Galois cover (or 
just a G-cover, for short). We will usually suppress the isomorphism i, and 
speak of / as a G-cover. 

Suppose / : Y — > X is a G-cover of smooth curves, and K is a field of 
definition for X. Then the field of moduli of f relative to K (as a G-cover) 

pin 

is K , where T in = {a G G K \f u ^ / (as G-covers)} (see, e.g., [Ubu09al 
§1.1]). If X is P 1 , then the field of moduli of f means the field of moduli 
of / relative to Q. Unless otherwise stated, a field of definition (or moduli) 
means a field of definition (or moduli) as a G-cover. If we do not want to 
consider the G-action, we will always explicitly say the field of definition (or 
moduli) as a mere cover. 

Suppose / : Y — > X is a finite map of smooth curves. The ramification 
index of a point y £ Y such that f(y) = x is the ramification index of the 
extension of complete local rings Ox,x &Y,y If / is Galois, then the 
branching index of a closed point x £ X is the ramification index of any 
point y in the fiber of / over x. If x G X (resp. y G Y) has branching index 
(resp. ramification index) greater than 1, then it is called a branch point 
(resp. ramification point). 

Let / : Y — > X be any morphism of schemes and assume H is a finite 
group with H <^-> Aut(Y/X). If G is a finite group containing H, then there 
is a map Ind^/ : Ind^l" — > X, where Ind^Y is a disjoint union of [G : H] 
copies of Y, indexed by the left cosets of H in G. The group G acts on 
Ind^l", and the stabilizer of each copy of Y in Ind^Y is a conjugate of H. 

If X is a smooth curve over a complete discrete valuation field K with 
valuation ring R, then a semistable model for X is a relative curve Xr — > 
Spec R with Xr Xjj K = X and semistable special fiber (i.e., the special 
fiber is reduced with only ordinary double points for singularities). 

For any real number r, [r\ is the greatest integer less than or equal to r. 
Also, (r) = r — [r\ . The set N is equal to {1, 2, 3, . . .}. 
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2. Background Material 

2.1. Basic facts about (wild) ramification. We state here some facts 
from |Ser791 IV] and derive some consequences. Let K be a complete discrete 
valuation field with algebraically closed residue field k of characteristic p > 0. 
If L/K is a finite Galois extension of fields with Galois group G, then L 
is also a complete discrete valuation field with residue field k. Here G is 
of the form P x Z/m, where P is a p-group and m is prime to p. The 
group G has a filtration G = Go 3 Gi 5 ■•■ for the lower numbering 
and G > G l for j G M>o for the upper numbering, with G* > G J when 
i < J (see [Ser79l IV, §1, §3]). The subgroup G* is known as the ith higher 
ramification group for the upper numbering. One knows that Gq = G° = G, 
Gi = P. For sufficiently small e > 0, G € = P, and For sufficiently large 
i £ Z, d = G i = {id}. Any i such that G i > G i+e for all e > is called an 
upper jump of the extension L/K. Likewise, if Gi 2 Gj+i, then i is called 
a lower jump of L/K. The greatest upper jump (i.e., the greatest i such 
that G l {id}) is called the conductor of higher ramification of L/K, and 
is denoted h L j K . The upper numbering is invariant under quotients ( [Ser79t 
IV, Proposition 14]). That is, if H < G is normal, then the ith higher 
ramification group for the upper numbering for L H /K is G i /(G i nH). This 
has the consequence that if K C L C M are Galois extensions with M/K 
Galois, then Km IK — ^LjK- 

If A, are the valuation rings of X, L, respectively, sometimes we will 
refer to the conductor or higher ramification groups of the extension B/A. 

2.2. Semistable models of P 1 . We now introduce some notation that will 
be used for the remainder of $2j Let X = P^, where K is a characteristic 
zero complete discretely valued field with algebraically closed residue field 
k of characteristic p > (e.g., K = Qp r ). Let R be the valuation ring of K. 
Write v for the valuation on R. We normalize by setting v(p) = 1. 

2.2.1. Models. Fix a smooth model Xr of X over i2, i.e., a smooth, flat, 
proper i?-scheme Xr such that XrK = X. Then there are (many) ele- 
ments T G K(X) such that K(T) = K{X) and the local ring at the generic 
point of the special fiber of Xr is the valuation ring of K(T) corresponding 
to the Gauss valuation. We say that T is a coordinate of Xr (note that 
there can be many different coordinates for a given model). Conversely, if 
T is any rational function on X such that K(T) = K(X), there is a smooth 
model Xr of X such that T is a coordinate of Xr. 

Let be a semistable model of X over i?. The special fiber of such a 
model Xr is a tree-like configuration of P^'s. Each irreducible component 
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of the special fiber X of Xr corresponds to a smooth model of X, and thus 
to (many) coordinates T. 

2.2.2. Disks and annuli. We give a brief overview here. For more details, 
see |Hen98j . 

Let Xr be a semistable model for X = P^. Suppose x is a smooth point 
of the special fiber of Xr on the irreducible component W. Let T be a 
coordinate of the smooth model of X with special fiber W such that T = 
specializes to x. Then the set of points of X(K) which specialize to x is the 
open p-adic disk given by v(T) > 0. The complete local ring of x in Xr is 
isomorphic to i?[[T]]. 

Now, let x be a nodal point of the special fiber of Xr, at the intersection 
of components W and W . Then the set of points of X which specialize to 
x is an open annulus. If T is a coordinate on the smooth model of X with 
special fiber W such that T = specializes to W n W , then the annulus is 
given by < v(T) < e for some e G v(-fC x ). The complete local ring of x in 
Xr is isomorphic to R[[T, U]}/ (TU — p e ). For our purposes, a general open 
annulus of epaisseur e is a subset A C ¥ l (K) such that there is a rational 
function T with K(T) = i^P 1 ) and A is given by < v(T) < e. Observe 
that e is independent of the coordinate. 

Suppose we have a semistable model Xr of X whose special fiber X 
contains a preferred irreducible component Xq corresponding to a preferred 
coordinate T ( ^2.2.1|) . If W is any irreducible component of X other than 
Xq, then since X is a tree of P^s, there is a unique nonrepeating sequence 
of consecutive, intersecting components Xq, Xi, . . . , X n = W. The set of 
points in X(K) that specialize to the connected component of W in X\X n _\ 
is a closed p-adic disk T>. If the established preferred coordinate T is clear, 
we will abuse language and refer to the component W as corresponding to 
the disk T>, and vice versa. Also, if the ring of functions on T> is R{T'} 
(equivalently, if T' is a coordinate corresponding to W such that T' = oo 
specializes to W n W ), then we say that the coordinate T' corresponds to 
the disk T> (or that T 1 is a coordinate on T>). 

2.3. Stable reduction. We continue the notations of §2.21 Let / : Y — > 
X = P^ be a G-Galois cover defined over K, with G any finite group, such 
that the branch points of / are defined over K and their specializations do 
not collide on the special fiber of Xr. Assume that / is branched at at least 
3 points. By a theorem of Deligne and Mumford ([DM69, Corollary 2.7]), 
combined with work of Raynaud ( | Ray90 1 , | Ray99 1 ) and Liu ( [Liu06j ) , there 
is a minimal finite extension K st /K with ring of integers R st , and a unique 
semistable model X st of Xj^st = X K st , such that X st is a blowup of 
Xrs± = Xr xr R st centered at closed points of the special fiber, and the 
normalization Y st of X st in K st (Y) has the following properties: 
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• The special fiber Y of Y st is semistable (i.e., it is reduced, and has 
only nodes for singularities). Furthermore, the nodes of Y lie above 
nodes of the special fiber X of X st . 

• The ramification points of fj^st = f xk K st specialize to distinct 
smooth points of Y . 

• Any genus zero irreducible component of Y contains at least three 
marked points (viz., ramification points or points of intersection with 
the rest of Y). 

The map f st : Y st — >• X st is called the stable model of / and the field K st 
is called the minimal field of definition of the stable model of /. Note that 
our definition of the stable model is the definition used in |Wew03b] . This 
differs from the definition in Ray!)!)] in that [Ray99| allows the ramification 
points to coalesce on the special fiber. 

If Y is smooth, the cover / : Y — > X is said to have potentially good 
reduction. If / does not have potentially good reduction, it is said to have 
bad reduction. In any case, the special fiber / : Y — > X of the stable model 
is called the stable reduction of /. The action of G on Y extends to the 
stable reduction Y and Y/G = X. The strict transform of the special fiber 
of Xfist in X is called the original component, and will be denoted Xq. 

If K' /K st is a finite extension with ring of integers R', then the stable 
model of / x K st K' is the same as f st x^st R'. So if we are working over K' , 
we will abuse language and call f st x^st R' the stable model of /. 

For each a £ Gk , o~ acts on Y and this action commutes with the action of 
G. Then it is known (see, e.g., |Obu09b[ Proposition 2.9]) that the extension 
K st /K is the fixed field of the group T st < Gk consisting of those a G Gk 
such that a acts trivially on Y. Thus K st is clearly Galois over K. Since k 
is algebraically closed, the action of Gk fixes Xq pointwise. 

2.3.1. The graph of the stable reduction. As in [Wew03b], we construct the 
(unordered) dual graph Q of the stable reduction of X. An unordered graph 
Q consists of a set of vertices V(Q) and a set of edges E(Q). Each edge has a 
source vertex s(e) and a target vertex t(e). Each edge has an opposite edge 
e, such that s(e) = t(e) and t(e) = s(e). In particular, e = e. 

Given /, /, Y, and X as in this section, we construct two unordered 
graphs Q and Q' . In our construction, Q has a vertex v for each irreducible 
component of X and an edge e for each ordered triple (x , W , W ) , where 
W and W are irreducible components of X whose intersection is x. If e 
corresponds to (x, W , W ), then s(e) is the vertex corresponding to W and 
t(e) is the vertex corresponding to W . The opposite edge of e corresponds 
to (x, W , W ) . We denote by Q' the augmented graph of Q constructed as 
follows: consider the set -B w ;id of branch points of / with branching index 
divisible by p. For each x G -E> w iid, we know that x specializes to a unique 
irreducible component W x of X, corresponding to a vertex A x of Q. Then 
V(Q') consists of the elements of V (G) with an additional vertex V x for each 
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x G -Bwild- Also, E(Q') consists of the elements of E(Q) with two additional 
opposite edges for each x G -Bwild, one with source V x and target A x , and 
one with source A x and target V x . 

An irreducible component of X corresponding to a leaf of Q that is not X 
is called a tail of X. All other components are called interior components. 

If v,w G V(G'), then a path from t> to w is a sequence of nonrepeating 
vertices {vi}f =0 and edges {ei}™~Q such that w = vq, w = v n , s{ei) = Vi, 
and t(ei) = Vi + \. Let u G ^(^') correspond to the original component Xq. 
We partially order the vertices of Q' such that v ^ w if there is a path 
from k to to passing through v. The set of irreducible components of X 
inherits the partial order ^. Furthermore, if x\ and x~2 are points of X, 
we say that X2 lies outward from xi if x\ 7^ 2J2 and there are irreducible 
components X\ -< X2 of X such that !ci G X\ and £2 G A^2- Lastly, an 
irreducible component W of X lies outward from a point x G X if there is 
an irreducible component W -<W such that x G W . 

2.3.2. Inertia Groups of the Stable Reduction. Recall that G acts on Y. By 
|Ray94 Lemme 6.3.3], we know that the inertia groups of the action of G 



on Y at generic points of Y are p-groups. Also, at each node of Y, the 
inertia group is an extension of a cyclic, prime-to-p order group by a p- 
group generated by the inertia groups of the generic points of the crossing 
components. If V is an irreducible component of Y, we will always write 
Iy < G for the inertia group of the generic point of V, and Dy for the 
decomposition group. 

For the rest of this subsection, assume G has a cyclic p-Sylow subgroup. 
In this case, the inertia groups above a generic point of an irreducible com- 
ponent W C X are conjugate cyclic groups of p-power order. If they are of 
order p l , we call W a p l -component. If % = 0, we call W an etale component, 
and if i > 0, we call W an inseparable component. 

An etale tail of X is called primitive if it contains the specialization of a 
branch point of /. Otherwise it is called new. This follows [WewOSbj . An 
inseparable tail that does not contain the specialization of any branch point 
will also be called new. A ^-component that is a tail will be called a p l -tail. 

Lemma 2.1 ([Obu09b], Proposition 2.13). If x G X is branched of index 
p a s, where p \ s, then x specializes to a p a -component. 

Lemma 2.2 (|Ray99|, Proposition 2.4.8). /// has bad reduction and W is 
an etale component of X, then W is a tail. 



Lemma 2.3 f |Obu09bj . Proposit ion 2.16, see also |Ray99| , Remarque 3.1.8). 
/// has bad reduction and W is ap l -tail of X, then the component W that 
intersects W is a p> -component with j > i. 

Definition 2.4. (cf. |Obu 09bj. Definition 2.18) Consider a component Xh 7^ 
Xq of X. Let W be the unique component of X such that W -< Xj, and 
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W intersects Xb, say at Xf,. Suppose that W is a -component and Xb is a 
^/-component, i < j. Let Y\, be a component of F lying above Xb, and let 
y b be a point lying above Xb- Then the effective ramification invariant a b 
is defined as follows: If Xb is an etale component, then a b is the conductor 
of higher ramification for the extension Oy^^JO^^^ (see §2.1h . If Xb is 

a ^/-component (i > 0) , then the extension Oy b y b / ®x b x b can ^ e Stored 

as 0-% b - b <— >■ 5 <— >■ Oy b ^ , where q is Galois and /3 is purely inseparable of 
degree p l . Then o~b is the conductor of higher ramification for the extension 
S/Oy = • 

Remark 2.5. By Lemma 12.31 the effective ramification invariant is defined 
for every tail. 

Lemma 2.6 (|Obu09b|, Lemma 2.20). The effective ramification invariants 
o~h lie in -^—7L. 

2.4. Vanishing cycles formula. Assume the notation of ^2.31 The van- 
ishing cycles formula stated below will be used repeatedly: 

Theorem 2.7 (Vanishing cycles formula, cf., [Obu09b], Theorem 3.14, 
Corollary 3.15). Let f : Y —> X = P 1 be a three-point G -Galois cover 
with bad reduction, where G has a cyclic p-Sylow subgroup. Let B new be an 
indexing set for the new (etale) tails and let B pr i m be an indexing set for the 
primitive tails. Let o~b be the ramification invariant in Definition \2.4\ Then 
we have the formula 



(2.1) 1 = ]T (a b - 1) + Y, 



beB n 



Remark 2.8. Note that, by Lemma [Obu09bl Lemma 4.2 (i)], each term 
on the right hand side of (|2.ip is at least In particular, each term is 
positive. 

The above remark yields the immediate corollary: 

Corollary 2.9. If tuq = 2, and if f has bad reduction, then there are at 
most two etale tails. Furthermore, for any etale tail Xb, o~b £ (see 



2.5. The auxiliary cover. Retain the assumptions from the beginning of 
£12,31 (in particular, G need not have a cyclic p-Sylow subgroup). Assume 
that / : Y — > X is a G-cover defined over K as in ^2. 31 with bad reduction, so 
that X is not just the original component. Following |Ray99, §3.2], we can 
construct an auxiliary cover f aux : Y aux — > X with (modified) stable model 
^auxyt . (y^xyt X st and ( mo dified) stable reduction J auX : Y aux -»• X, 
defined over some finite extension R' of R. We will explain what "modified" 
means in a remark following the construction. The construction is almost 
entirely the same as in |Ray99, §3.2], and we will not repeat the details. 



FIELDS OF MODULI OF THREE-POINT G-COVERS WITH CYCLIC p-SYLOW, II 11 



Instead, we give an overview, and we mention where our construction differs 
from Raynaud's. 

Let .Bet index the etale tails of X. Subdividing B& t , we index the set of 
primitive tails by -B pr im an d the set of new tails by B new . We will write Xb 
for the tail indexed by b G £?<s t . 

The construction proceeds as follows: From Y remove all of the compo- 
nents that lie above the etale tails of X (as opposed to all the tails — this 
is the only thing that needs to be done differently than in |Ray99| , where 
all tails are etale). Now, what remains of Y is possibly disconnected. We 
choose one connected component, and call it V. 

For each b £ -B pr im> let a& be the branch point of / specializing to Xb, let 
Xb be the point where Xb intersects the rest of X, and let p r mb be the index 
of ramification above Xb at x&, with m& prime-to-p. Then Xb intersects &p r - 
component. At each point Ub of V above x&, we attach to V a Katz-Gabber 
cover of Xb (cf. |Kat86j Theorem 1.4.1], |Ray99 Theoreme 3.2.1]), branched 



of order m& (with inertia groups isomorphic to Z/m&) at the specialization 
~a~b of ab and of order p r rrib (with inertia groups isomorphic to 7Ljp r x Z/m&) 
at Xb- We choose our Katz-Gabber cover so that above the complete local 
ring of x~b on Xb, it is isomorphic to the original cover. It is the composition 
of a cyclic cover of order mj branched at Xb an d a& with a cyclic cover of 
order p r branched at one point. Note that if rrib = 1, we have eliminated 
the branch point a& of the original cover. 

For each b G B new , we carry out the same procedure, except that we 
introduce an (arbitrary) branch point Ub ^ Xb of ramification index on 
the new tail Xb- 

Let f : Y -> X be the cover of fc-schemes we have just constructed. 



Let G aux < G be the decomposition group of V. As in |Ray99[ §3.2], one 



shows that, after a possible finite extension R' of R, we can lift f aux to a 
map (j' a?t:r )' s * : (yauxyt x st over R', satisfying the following properties: 

• Above an etale neighborhood of the union of those components of X 
other than etale tails, the cover f st : Y st -> X st is IndgU* (f aux ) st 
(see gUD - 

• The generic fiber / anx : Y aux — > X is a G aua; -cover branched exactly 
at the branch points of / and at a new point ab of index tb(, for 
each new tail b £ B new (unless m& = 1, as noted above). Each ab 
specializes to the corresponding branch point a& introduced above. 

Keep in mind that there is some choice here in how to pick the new branch 
points — for a new tail Xb, depending on the choice of a&, we can choose 
to be any point of X that specializes to Xb\Xb- The set of such points forms 
a closed p-adic disk ( §2.2.2f) 

The generic fiber f aux of (f^xy 1 i s called the auxiliary cover, and (_/' au:c )' s * 
is called the modified stable model of the auxiliary cover. The special fiber 
/ is called the modified stable reduction of the auxiliary cover. 
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Remark 2.10. Usually, the stable model of f aux is same as the modified 
stable model (^f aux y t _ However, it may happen that the stable model of 
f aux is a contraction of (J aua; ) s * ( r that it is not even defined, as we may 
have eliminated a branch point by passing to the auxiliary cover). This 
happens only if X has a primitive tail Xf, for which nib = 1, and for which 
the Katz-Gabber cover inserted above Xb has genus zero. Then this tail, 
and possibly some components inward, would be contracted in the stable 
model of f aux . We use the term modified stable model to mean that we do 
not perform this contraction. Alternatively, we can think of (^f aux y t as the 
stable model of f aux : if we count specializations of all points of Y aux above 
branch points of / (as opposed to f aux ) as marked points. 

If we are interested in understanding the field of moduli of a G-cover (or 
more generally, the minimal field of definition of the stable model), it is in 
some sense good enough to understand the auxiliary cover, as the following 
lemma shows. 

Lemma 2.11. If the modified stable model (f aux ) st : (Y aux ) st _> X st of the 
auxiliary cover f aux is defined over a Galois extension K aux /Kq, then the 
stable model f st of f can also be defined over K aux . 

Proof, (cf. |Wew03b| . Theorem 4.5) Take a G T aux , the absolute Galois 
group of K aux . We must show that f a = / and that a acts trivially on the 
stable reduction / : Y — > X of /. Let / : Y — > X be the formal completion 
of f st at the special fiber and let f aux : Y aux — > X be the formal completion 
of (J au:c ) s * at the special fiber. For each etale tail Xb of X, let Xb be the 
intersection of Xb with the rest of X. Write T>b for the formal completion 
of Xb\{xb} in XRst. Then T>b is a closed formal disk, which is certainly 
preserved by a. Also, let IA be the disjoint union of the formal completion 
of X \ \J b Xf, with the formal completions of the Xf, in X^st. 

Write V = Y x ^U. We know from the construction of the auxiliary cover 
that 

V = Indga^ Y aux x ± U. 
Since a preserves the auxiliary cover and acts trivially on its special fiber, 
a acts as an automorphism on V and acts trivially on its special fiber. By 
uniqueness of tame lifting, ^ := 7x ^Vb is the unique lift of Y x -^{X\\{x^\) 
to a cover of T>t> (where the branching is compatible with that of /, if X b 
is primitive) . This means that a acts as an automorphism on Y x g Pj, as 
well. 

Define Bb '■= U x ^ D^, the boundary of the disk T>b- A G-cover of formal 
schemes Y — > X such that Y x g IA = V and Y x g T>b — &b is determined 
by a patching isomorphism 

ip b : V x u B h -4 £ b x Vb B b 

for each b. The isomorphism ip^ is determined by its restriction Tp b to the 
special fiber. 
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Let Xi, oo be the generic point of Spec CV and define Y b ^ (resp. 
Tl™) to be Y x x X bj00 (resp. Y aux x^X btOQ ). Then F bj00 = Indg «*F^. 
Since cr acts trivially on Y b ^, it acts trivially on Y btOQ , which is the special 
fiber of both V B b and £ b x T> b £>&• So a acts trivially on Tpl~, and thus on 
<p b . Thus / CT = /, and by Grothendieck's Existence Theorem, f a = f. 

Lastly, we must check that a acts trivially on /. This is clear away from 
the etale tails. Now, for each etale tail X b , we know a acts trivially on X b , 
so it must act vertically on Y b '■= Y Xjlj. But a also acts trivially on 
Y boo . Since Y b>00 is induced from Y b( ^, a acts trivially on Y boo . Therefore, 
a acts trivially on Fj. □ 

The auxiliary cover f aux is often simpler to work with than / due to the 
following: 

Proposition 2.12. // we assume that a p-Sylow subgroup of G is cyclic, 
then the group G aux has a normal subgroup of order p. 

Proof. Let S be the union of all inseparable components of X. By construc- 
tion, the inverse image V of S in Y is connected, and its decomposition 
group is G aux . By [Obu09bl Corollary 2.12], G aux has a normal subgroup 
of order p. □ 

Lastly, in the case that a p-Sylow subgroup of G is cyclic, we make a 
further simplification of the auxiliary cover, as in |Ray99, Remarque 3.1.8]. 



Since G aux has a normal subgroup of order p, [Obu09b| Corollary 2.4 (i)] 
shows that the quotient G str of G aux by its maximal normal prime-to-p 
subgroup N is isomorphic to Z/p n x Z/mc aux , where the action of Z/m^^ 
on Z/p n is faithful. Note that m Gaux \m G . Then Y str := Y aux /N is a 
branched G s<r -cover of X, called the strong auxiliary cover. Constructing 
the strong auxiliary cover is one of the key places where it is essential to 
assume that a p-Sylow subgroup of G is cyclic, as otherwise G aux does not 
necessarily have such nice group-theoretical properties. 

The branching on the generic fiber of the strong auxiliary cover is as 
follows: At each point of X where the branching index of / was divisible by 
p, the branching index of f str is a power of p (as G str has only elements of 
p-power order and of prime-to-p order). At each branch point specializing 
to an etale tail b G the ramification index is rrib, where m b \{p — 1) (cf. 
|Ray99j §3.3.2]). 



The following lemma shows that it will generally suffice to look at the 
strong auxiliary cover instead of the auxiliary cover. 

Lemma 2.13. Let f : Y —> X be as in §2.31 Let L be a field over which 
both the stable model of f str and all the branch points of Y aux — > Y str are 
defined. Then the stable model f st of f can be defined over a tame extension 
ofL. 
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Proof. Since Y str = Y aux /N, and p f \N\, it follows from |Obu09al Corollary 
2.16] that (f^xy 1 ca n be defined over a tame extension of L. By Lemma 
I2TTT1 so can f st . □ 

While the Galois group of the (strong) auxiliary cover is simpler than 
the original Galois group of /, we generally are made to pay for this with 
the introduction of new branch points. Understanding where these branch 
points appear is key to understanding the minimal field of definition of the 
stable reduction of the auxiliary cover. 

2.6. Reduction of /i p n-torsors and deformation data. Let R, K, and 
k be as in §2.21 and let tt be a uniformizer of R. Assume further that R 
contains the pth. roots of unity. For any scheme or algebra S over R, write 
Sk and for its base changes to K and k, respectively. Recall that we 
normalize the valuation of p (not tt) to be 1. 

2.6.1. Reduction of fj, p n-torsors. Let R and K be as in §2.21 We state a 
partial converse of [Obu09al Lemma 2.18], which will be used repeatedly in 
analyzing the stable reduction of covers (see §3.31) : 

Lemma 2.14. Suppose R contains thep n th roots of unity. Let X = Spec A, 
where A = R{T}. Let f : Yk — > Xk be a ^ p n-torsor given by the equation 
y pU = 9; where g = 1 + Y^Li ^ 1 ■ Suppose that v(ci) > n + f or oil 
i > p divisible by p. Suppose further that (at least) one of the following two 
conditions holds: 



: (i) There exists i such that v(ci) < mm(v(c p ),n + ^rj). 
: (ii) v(cp) > n— 2 (p~ 2 i) an d there exists c' p £ R with v(c' p — c p ) > 
and v (ci - y ' c'pP^-^+^j < n + 

Then, even after a possible finite extension of K , the map f : Yk — > Xk 
does not split into a union of p n_1 connected disjoint [i p -torsors, each with 
etale reduction (see [Hen99l 5, Proposition 1.6] J. 

Proof. Suppose we are in case (i). Pick b £ R such that v (6) = minj(-u(cj)). 
Then v{b) < n + and g = 1 + bw with w E A\irA. Let a < n be the 
greatest integer such that a + — < v(b). Then g has a p a th root in A, 
given by the binomal expansion 

,y ? = 1 + ^! to+ (W((W- 1 ) (tof + .... 

Since v(b) > a + — this series converges, and is in A. Furthermore, 
since the coefficients of all terms in this series of degree > 2 have valuation 
greater than v(b) — a, the series can be written as p^/g = 1 + -j^u, where u 
is congruent to w (mod tt). 

Now, v(b) — a = v{^) < 1 + -pj. Furthermore, by assumption (i), the 
reduction u of u is not a pth power in A/ir. Then [Hen99, 5, Proposition 1.6] 
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shows that p^/g is not a pth power in A (nor in K). If a < n— 1, this proves 
that / does not split into a disjoint union of n — 1 torsors. If a = n — 1, 
then v(^s-) < 1 + ^ry, and [Hen99} 5, Proposition 1.6] shows that the torsor 
given by y p = pn ~y/g~ does not have etale reduction. This proves the lemma 
in case (i). 

Suppose we are in case (ii) and not in case (i). It then suffices to show that 

there exists h G A such that h pn g satisfies (i). Let r\ = — ^1 ^t=t (any pth 

root will do). Now, by assumption, v(c' p ) — (n—l) > 2 ( p -i) > so v iv) > 2(p-i) • 
Then there exists e > such that 

(1 + rflT - 1 - P n - Q A_T* (mod ^^). 

It is easy to show that ) = (mod p n ) for all n > 1. So there exists 
e > such that 

(1 + V T) pn = 1 - ^c'pptP-V^T - c' p T p (mod/ + ^ +£ ). 

Using the assumption that v{c\ — ^1 Cpp( p_1 ) n+1 ) < n + we leave it to 
the reader to verify that (1 + r]T) pn g satisfies (i) (with i = 1). □ 

2.6.2. Deformation Data. Deformation data arise naturally from the stable 
reduction of covers. Say / : Y — > X is a branched G-cover as in §2.3} with 
stable model f st : Y st — > X st and stable reduction / : Y — > X. Much 
information is lost when we pass from the stable model to the stable reduc- 
tion, and deformation data provide a way to retain some of this information. 
This process is described in detail in [Obu09bl §3.2], and we recall some facts 
here. 

2.6.3. Generalities. Let W be any connected smooth proper curve over k. 
Let H be a finite group and x a 1-dimensional character H — > . A de- 
formation datum over W of type {H,x) is an ordered pair (V,co) such that: 
V — > W is an ii-Galois branched cover; a; is a meromorphic differential 
form on V that is either logarithmic or exact (i.e., uj = du/u or du for 
u G k(V)); and rfuj = x( r /) w f° r all V € H. If u is logarithmic (resp. exact), 
the deformation datum is called multiplicative (resp. additive). When V is 
understood, we will sometimes speak of the deformation datum uj. 

If (V,uj) is a deformation datum, and w S W is a closed point, we define 
m w to be the order of the prime-to-j? part of the ramification index of V — > W 
at w. Define h w to be ord„(w) + 1, where v G V is any point which maps 
to w G W. This is well-defined because ui transforms nicely via H. Lastly, 
define a w = h w /m w . We call w a critical point of the deformation datum 
(V,u) if (h w ,m w ) / (1,1)- Note that every deformation datum contains 
only a finite number of critical points. The ordered pair (h w ,m w ) is called 
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the signature of (V,u) (or of ui, if V is understood) at w, and a w is called 
the invariant of the deformation datum at w. 

2.6.4. Deformation data arising from stable reduction. Maintain the nota- 
tion of £ j2.3| and assume that a p-Sylow subgroup of G is cyclic. For each 
irreducible component of Y lying above a p r -component of X with r > 0, 
we construct r different deformation data. The details of this construction 
are given in |Obu09b| Construction 3.4], and we only give a sketch here. 

Suppose V is an irreducible component of Y with generic point rj and 
nontrivial generic inertia group Iy = 1^/p r C G. We write B = Oyst ^, and 
C = B*v. The map Spec B — > Spec C is given by a tower of r maps, each of 
degree p. We can write these maps as Spec Q+i — >• Spec Q, for 1 < i < r, 
such that B = C T+ \ and C = C±. The Cj are all complete discrete valuation 
rings with uniformizer ir. Each of these maps is given by an equation y p = z 
on the generic fiber, where z is well-defined up to raising to a prime-to- 
p power. The morphism on the special fiber is purely inseparable. To 
such a degree p map, [Hen99, 5, Definition 1.9] associates a meromorphic 
differential form cjj, well defined up to multiplication by a scalar in F* , on 
the special fiber Spec Cj x Rs tk = Spec C,/7T. This differential form is either 
logarithmic or exact. Since d/ir ^ /c(F)P r " i+1 ^ k(V)P r ^ C/vr for any 
i (the middle isomorphism coming from raising to the p* _1 st power), each 
u)i can be thought of as a differential form on V = Spec C x^st k, where 
k(V') = k(V) pr . _ 

Let -ff = Dy/Iy. Then H acts faithfully on V. If is the component 
of X lying below V, we have that W = V /H. In fact, each (V for 
1 < i < r, is a deformation datum of type (If, x) over W, where % is given by 
the conjugation action of -ff on Iy. The invariant of o~i at a point u> € will 
be denoted ai )W . Since / is Galois, these invariants do no depend on which 
component V above W is chosen. We will sometimes call the deformation 
datum (V ,wi) the bottom deformation datum for V. 

For 1 < i < r, denote the valuation of the different of Ci )■ Cj+i by 
5j. If cjj is multiplicative, then <5j = 1. Otherwise, < <5j < 1 ( [Hen99t 5, 
Proposition 1.6]). The effective different 5^ above W is defined by 

By convention, if W is an etale component, we set <5|£ = 0. 

Note that the above construction makes sense for any semistable model 
of / separating the branch points. For the rest of this paper, we will only 
concern ourselves with deformation data that arise from stable reduction in 
the manner described above. 

Lemma 2.15 ( [Qbu09b| . Lemma 3.5, cf. |Wew03b| . Proposition 1.7). Say 
(V ,uj) is a deformation datum arising from the stable reduction of a cover, 
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and let W be the component of X lying under V . Then a critical point 
w of the deformation datum on W is either a singular point of X or the 
specialization of a branch point ofY^rX with ramification index divisible 
by p. In the first case, o w 7^ ; and in the second case, o w = and u) is 
logarithmic. 

Recall that Q' is the augmented dual graph of X f ^2.3.ip . To each e G 
E(Q') we will associate the effective invariant of , and to each vertex of Q 
we will associate the effective different Sf. 

Definition 2.16 (cf. |Ubu09b| . Definition 3.10). Let e G E(Q'). 

• Suppose e corresponds to the triplet (w, W,w'), where W is a p r - 
component and W is a p r '-component with r > r' . Then r > 1 by 
Lemma 12.21 Let Wj, 1 < i < r, be the deformation data above W. 
Then 

Note that this is a weighted average of the o~i jW 's. 

• If s(e) corresponds to a p r -component and t(e) corresponds to a 
p r -component with r < r', then <rf ff := — cr| ff . 

• If either s(e) or t(e) is in V(g')\V(G), then of := 0. 

• For all v G V(Q), define 5f = 5^, where v corresponds to W. 

• For all e G E(Q), define e e to be the epaisseur of the formal annulus 
corresponding to e ( ^2.2p . 

Lemma 2.17 f [Ubu09bj . Lemma 3.11 (i), (iii), [Ubu09aj . Lemma 2.29). 
: (i) For any e G E(Q'), we have of = — o"| ff . 
: (ii) If t{e) corresponds to an etale tail X^, then of = o^. 
: (iii) Ife G E(G), then 8$ e) - 8ff e) = ofe e 

The following lemma is very important for §3.31 

Lemma 2.18 ( |Obu09a| . Lemma 2.26). Let e G E(Q) such that s(e) -< t(e). 
Let w G X be the point corresponding to e. Let LT e be the set of branch points 
of f with branching index divisible by p that specialize outward from w. Let 
B e index the set of etale tails Xf, lying outward from w. Then 

of -1= J> 6 -i)-|n e |. 

be B e 

Corollary 2.19 (Monotonicity of the effective different). If v,v' G V(Q), 
and v -< v', then Sf > Sf. 

Proof. Clearly we may assume that v and v' are adjacent, i.e., there is an 
edge e such that s(e) = v and t(e) = v' . Since the branch points of / are 
assumed not to collide on the special fiber of our original smooth model Xr, 
there is at most one branch point of / specializing outward from the node 
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x e corresponding to e. That is, there is at most either one primitive tail or 
one branch point of index divisible by p lying outward from x e . Since Gb > 1 
for all new tails ( [Qbu 09b, Lemma 4.2 (i)]), we see by Lemma 12.181 that 
o"g ff > 0. We conclude using Lemma f2. 171 (hi). □ 

2.7. Further properties. We maintain the assumptions and notation of 
§2.31 along with the assumption that a p-Sylow subgroup of G is cyclic of 
order p n . 

Lemma 2.20. Let x be a branch point of f with branching index exactly 
divisible by p r . Suppose that x specializes to an irreducible component W 
of X . Then, either W is the original component, or the unique component 
W -<W such that W intersects W is a p s -component, for some s > r. 

Proof. By Lemma 12.151 and [ObuOQa) Proposition 2.22], the deformation 
data above W are all multiplicative and identical. Thus <5|S = r + 

as = 1 f° r a ll above W. Assume W is not the original component. 
Then, by Corollary 12.191 <5— , > r + This is impossible unless W 

is a p s -component with s > r. If s = r, we must have 5^, = <5|5 = 

r + By Corollary I2.19| o~l s = for e either edge corresponding to 

{w} = W n W . Since the deformation data above W are identical and <r| ff 
is a weighted average of invariants, we have U{ w = for all above W. 
But this contradicts Lemma 12.151 So s > r. □ 

Lemma 2.21. Letx be a singular point of X such that there are no etale 
tails Xf, lying outward from x. If Ix < G is an inertia group above x, then 
mi, = 1. 



Proof. Take the strong auxiliary cover f str : Y str — > X of /. We claim that 
the inertia groups above x for / are cyclic p-groups. Since G str = G aux /N, 
where p \ \N\, this shows that any inertia group / above x for / satisfies 
mi = 1. Since, by construction, the inertia groups above x for f aux are the 
same as those for /, this proves the lemma. 

We now prove the claim. Since G str = r L/p u x Z/mQstr (y < n), any 
irreducible component V of Y has decomposition group Z/p r x Z/m', 
where r <u and m'\mQstr. If W is the component of X below V, then it is 
impossible for W to have exactly one point above which the inertia groups 
are not cyclic p-groups (if this were the case, we could quotient out by the 
p-part of the decomposition group of V to obtain a tamely ramified cover of 
W branched at one point, which is impossible). 

Since no etale tails lie outward from x, then f str has no branch points of 
prime-to-p branching index which specialize outward from x. Thus, above 
any intersection point of an inseparable tail lying outward from x with the 
rest of X, the inertia groups for f str must be cyclic p-groups (they are cyclic 
p-groups at all other points of the inseparable tail, see |Ray99 Proposition 
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2.4.11]). By inward induction, the inertia groups above x are cyclic p-groups. 
□ 

Definition 2.22. We call the stable reduction f of f monotonic if for every 
W ^ W such that W is a p l -component and W is a pP -component, we 
have i> j. In other words, the stable reduction is monotonic if the generic 
inertia does not increase as we move outward from the original component 
along X. 

In the situation of Theorem ll.il all covers are monotonic: 

Proposition 2.23. If f is a three-point G-cover o/P 1 , where G has a cyclic 
p-Sylow subgroup of order p n , and mc = 2, then f is monotonic. 

Proof. Suppose / is not monotonic. Then there exist j < n and a set £ 
of p'-components of X with the following properties: X ^ S; the union 
U of the components in £ (viewed as a closed subset of X) is connected; 
and each irreducible component of X that intersects U but is not in £ is 
a p*-component, i < j (think of U as being a "plateau" for inertia). In 
particular, j > 0. Note that, by Lemmas 12.11 and 12.201 no branch point of / 
specializes to U. 

Recall that Q is the dual graph of X (£ j2.3,ip . Let $ be the set of all edges 
e 6 E{Q) such that s(e) corresponds to a component in £, and let <&' be the 
set of those e£$ such that t(e) does not correspond to a component in £. If 
e£$ corresponds to a point then we write <r bot to mean the invariant 

of any bottom deformation datum above the component corresponding to 
s(e) at x (this is equivalent to a% J 1 in the language of |Obu09b[ Definition 
3.10]). One shows (cf. the proof of |Wew03bl Corollary 1.11]) that 

(2.2) £ (CT bot_ 1) = _ 2 _ 

Suppose e£f' corresponds to a point x 6 X, and let m e = mj-, where 
Ix is an inertia group of / above X. Then, by Lemma [2.61 and [Obu09b, 
Lemma 3.11 (ii)], we have o" bot G and cr bot > 0. Clearly, m e 6 {1,2}, 
and m e = 1 if no etale tails of X lie outward from x (Lemma I2.21|) . 

In particular, cr bot — 1 > — i, and cr bot — 1 > if there are no etale 
tails lying outward from x. Since mc = 2, Corollary 12.91 shows that there 
can be at most two etale tails. Thus there are at most three e G $' such 
that an etale tail lies outward from the node corresponding to e (at worst, 
the outermost e preceding each of the etale tails and the innermost e). So 
a hot _ i > o for all but at most three edges e£$'. This contradicts (|2.2j) . 
proving the proposition. □ 

3. Proof of the Main Theorem 

In this section, we will prove Theorem 11.11 Let k be an algebraically 
closed field of characteristic p, let Rq = W(k), and let Kq = Frac(i?o)- Note 
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that if k = Fp, then Kq ^ Q£ r . Also, for all i > 0, we set K { = K (( pi ), 
where Q p i is a primitive p l th root of unity. 

Let / : Y -)■ X P 1 be a three-point G -cover defined over i^o, where G 
has a cyclic p-Sylow subgroup of order p n and tog* = 2. Since mc|(p — 1) 
( |Obu09b"l Lemma 2.1]), we may (and do) assume throughout this section 
that p 2. We break this section up into the cases where the number r 
of branch points of / : Y — > X = P 1 with prime-to-p branching index is 

1, 2, or 3. By Lemma 12.11 if / has bad reduction, then r is the number of 
primitive tails of the stable reduction. The cases r = 2 and r = 3 are quite 
easy, whereas the case r = 1 is much more involved. This stems from the 
appearance of new tails in the stable reduction of / in the case r = 1. The 
ideas in the proof of the r = 1 case should work as well in the r = case, 
but the computations will be more difficult. See Question 14.11 

We mention that, because any finite extension of K/Kq has cohomological 
dimension 1, then if K is the field of moduli of a G-Galois cover relative to 
Kq, it is also a field of definition ( |CH85l Proposition 2.5]). 

3.1. The case r = 3. 

Proposition 3.1. Assume f :Y — )■ X is a three-point G-cover defined over 
Kq where G has a cyclic p-Sylow subgroup P with mc = \Nq(P) / Zg(P)\ = 

2. Suppose that all three branch points of f have prime-to-p branching index. 
Then f has potentially good reduction. Additionally, f has a model defined 
over Kq, and thus the field of moduli of f relative to Kq is Kq. 

Proof. Suppose / has bad reduction. We know that the stable reduction 
must have three primitive tails. But this contradicts Corollary 12.91 So / 
has potentially good reduction. 

Let / : Y — > X be the reduction of / over k. Then / is tamely ramified. 
By |Ful69l Theorem 4.10], if R is the ring of integers of any finite extension 
K/Kq, then there exists a unique deformation Jr of / to a cover defined 
over R. It follows that /r exists, and fn (g>fl R = fa. Thus /r <g>R Kq is 
the model we seek. □ 

Remark 3.2. If £ is prime, then the modular curve X{t) can be realized 
(via the j-function) as a PSL 2 (£)-cover / : X{i) -> X(l) ^ P 1 , branched at 
three points of index 2, 3, and £, respectively. Let G = PSLi2(£), and let p be 
a prime dividing \G\ with p / 2, 3, 1. This implies p\i 2 — 1. The group G has 
a cyclic p-Sylow subgroup of order p v p^ e2 ~ 1 \ and tuq = 2. Thus Proposition 
13.11 gives a proof that the cover / has good reduction to characteristic p 
for p / 2,3, £, without relying on the modular interpretation of / (see, for 
instance, [D R73] ). 

3.2. The case r = 2. If there are exactly two branch points with prime-to- 
p branching index, then / has bad reduction (/ cannot have good reduction 
because it will have a branch point with p dividing the branching index). 
We use the notation of §2.31 
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Proposition 3.3. Assume f :Y —> X is a three-point G-cover defined over 
Kq where G has a cyclic p-Sylow subgroup P with tug = \Ng(P)/Zg(P)\ = 
2. Suppose that two of the three branchpoints off have prime-to-p branching 
index. Then the stable model of f can be defined over a tame extension K 
of K y . In particular, f can be defined over K. Thus the field of moduli of 
f relative to Kq is contained in a tame extension of K v . 

Proof. We know that X must have two primitive tails, and Corollary 12,91 
shows that there are no new tails. The effective ramification invariant for 
each of the primitive tails is ^ by the vanishing cycles formula (|2.ip . Then 
the strong auxiliary cover f str : Y str — > X is a three-point 7Ljp v x Z/2-cover, 
for some v < n. 

By [Obu09a, Proposition 4.6], the stable model of f str is defined over a 
tame extension K str of K u . Since the branch loci of /, f aux , and f str are each 
the same three points, all branch points of the canonical map Y aux — > Y str 
are ramification points of f str . The ramification points of f str specialize to 
distinct points on Y , so G^-str permutes them trivially. Thus they are 
defined over K str . By Lemma 12.131 the stable model of / is defined over a 
tame extension K of K str . □ 

3.3. The case r = 1. Now we consider the case where only one point, say 
0, has prime-to-p branching index. As in the case r = 2, the cover / has bad 
reduction. The goal of this (rather lengthy) section is to prove the following 
proposition: 

Proposition 3.4. Assume f :Y — >■ X is a three-point G-cover defined over 
Kq where G has a cyclic p-Sylow subgroup P with wig = \Ng(P) / Zg(P)\ = 2 
and p / 3. Suppose that exactly one of the three branch points of f has 
prime-to-p branching index. Then the stable model of f can be defined over 
a finite extension K/Kq such that the nth higher ramification groups for the 
upper numbering for (the Galois closure of) K/Kq vanish. In particular, f 
can be defined over such a K . Thus the nth higher ramification group for 
the upper numbering for the field of moduli of f relative to Kq vanishes. 

We mention that, because mg = 2, the stable reduction of / is monotonic 
(Proposition E23|). 

We first deal with the case where there is one primitive tail Xb, but no 
new etale tails. Then the vanishing cycles formula (12. ip shows that o~b = 1. 
Furthermore, we claim that wiq^ = 1. If this were not the case, then the 
strong auxiliary cover would have Galois group G str = TLjp v x Z/2, for some 
v < n, but only one branch point with prime-to-p branching index. Then 
quotienting out by 7Ljp v would yield a contradiction. 

Since we are assuming that the stable reduction of / has no new tails, the 
auxiliary cover f aux : Y aux — > X is branched at either two or three points. If 
it is branched at three points, we conclude using [Obu09a, Proposition 4.15] 
that the stable model of f aux (which is the modified stable model) is defined 
over some K such that the nth higher ramification groups of the extension 
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K/Kq vanish. If f aux is branched at two points (without loss of generality, 
and oo), it is a cyclic cover, and thus clearly defined over K n . Further- 
more, the points in the fiber above 1 are defined over K n . We conclude that 
the modified stable model of f aux is defined over K n (Remark I2.10p . By 
[Ser79l IV, Corollary to Proposition 18], the nth higher ramification groups 
of K n /Ko vanish. By Lemma 12.111 Proposition 13.41 is true in this case. 

We now come to the main case, where there is a new etale tail and 
a primitive tail Xy . We will assume for the remainder of §3.31 that p ^ 3 
(although it is likely that the main result should hold in the case p = 3, see 
Question |4"3|) . 

Fix, once and for all, a coordinate x corresponding to the smooth model 
Xr with special fiber Xq, so that / is branched at x = 0, x = 1, and 
x = oo. By the vanishing cycles formula f)2. 1 [) . the new tail X^ has o~b = 3/2 
and the primitive tail Xy has ay = 1/2. It is then clear that the auxiliary 
cover has four branch points: at x = 0, x = 1, x = oo, and x = a, where a 
is in the disk corresponding to X^. Keep in mind that, by the construction 
of the auxiliary cover (£ )2.5|) . we may always replace a by any other point 
in the disk corresponding to X^. Also, the modified stable model of the 
auxiliary cover is, in fact, the stable model. The strong auxiliary cover 
then has Galois group G str = 7Ljp v x Z/2 for some v < n. Without loss 
of generality, we can assume that and a are branched of index 2, and 1 
and oo are branched of p-power index. After a possible application of the 
transformation x — > -j^ of P , which interchanges 1 and oo while fixing 0, 
we may and do further assume that a does not collide with oo on the smooth 
model of X corresponding to the coordinate x (i.e., \a\ < 1). 

Lemma 3.5. At least one point of f str is branched of index p v . Such a 
point specializes to the original component. 

Proof. Consider the Z/p x Z/2-cover /' := Y str /Q — > X, where Q has order 
pf-i^ This must be branched at at least three points, thus at 1 or oo. If 1 
or oo is a branch point of /', then its branching index in / is p v . By Lemma 
12.11 any branch point of index p v specializes to a p v -component of X. By 
Lemma 12.201 it specializes to Xq. □ 

Let us fix some additional notation for $3] by writing down the equations 
of the cover f str : Y str X str . Let Z str = Y str /(Z/p u ). Then Z str -> X str 
is a degree 2 cover of P^s, branched at and a. Therefore, Z str can be given 
(birationally) over Kq by the equation 



Fix a choice of yl — a. Since z = ±1 (resp. — °) corresponds to x = oo 




over Kq by the 
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equation 



(3.2) =g(z)-, 



1J \z-Vl 



for some integers r and s, which are well-defined modulo p v . Without loss 
of generality, we take < r,s < p u . The branching index of f str at oo is 
and at 1 it is p v ~ v ^ . 

Write Z for Y /{Z/p u ), and let Z b (resp. Zy) be the unique irreducible 
component of Z above the new tail Xf, (resp. the primitive tail Xy). 

We will work over a large enough finite extension K/Kq (i.e., we assume 
the stable model of f str is defined over K and we replace K by a finite 
extension whenever convenient). Let e 6 K be such that |e| is the radius of 
the disk T> corresponding to Zb- Since x = a corresponds to z = 0, we can 
choose a coordinate t on the disk T> such that z = et. If Y, Z are the formal 
completions of (y str ) s * and (Z str ) st along their special fibers, then the torsor 
Y x ^ D — > T> can be given generically, after a possible finite extension of K, 
by the equation 

(3.3) = l + __( e t) + __( e t) +.... 

Now, since ai = |, and since intersects a p-component (see Lemma I3T61 
below), we know that the generic fiber of this torsor must split into p v ~ l 
connected components, each of which has etale reduction and conductor 3. 

Let a = 2^ e \ Then 

(3.4) y pV = 1 + cit + c 2 t 2 + ■■■ . 

Note that we have fixed the meaning of the symbols /, p, k, a, r, s, n, u, 
x, y, z, e, t, Ci, g(z), G, db, ay, X&, Xy, Xq, Zf,, and Zy. We will also use 
the notation Q and Q' for the dual graph and augmented dual graph of X 
(SB- 

The outline of the proof is as follows: In §3.3.1} we show some basic 
properties of (J str ) s * and prove a couple of algebraic results that will be 
used later. In §3.3.21 we determine the disk corresponding to the new tail 
Xb, and we replace a with a new a inside this disk, but defined over a "small" 
field. In §3.3.31 we show exactly which disks correspond to inseparable tails 
of X (if there are any). This information, combined with (13. ip and (]3.2p . is 
enough to pin down a field of definition of the stable model of f str , which 
we do in §3.3.41 Using Lemma 12.131 this suffices to determine a field of 
definition for the stable model of / up to tame extension. Lastly, in £ )3.3.5( 
we show that the appropriate higher ramification groups vanish. 

3.3.1. Preliminary lemmas. 

Lemma 3.6. Every etale tail X c of X intersects a p- component. 
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Proof. By Lemma HTBl X c intersects an inseparable component. If X c inter- 
sects a p Q -component, with a > 1, then [Obu09b, Lemma 4.2] shows that 
o"6 > p/2. Since p/2 > 2, this contradicts the vanishing cycles formula (|2. 1 j) . 
□ 

Lemma 3.7. The map f str is branched at x = oo o/ index p v , and x = oo 
specializes to the original component Xq. If a ^ 1 (mod 7r), £/ten / s * r is 
branched at x = 1 o/ index p v , and x = 1 aiso specializes to Xq. 

Proof. Assume for a contradiction that oo is not branched of index p v . Then 
1 is branched of index p u , and specializes to Xq by Lemma f2.20t Thus, the 
deformation data above Xq are multiplicative and identical, by [Obu09a| 
Proposition 2.22]. By assumption and Lemma 12.11 oo does not specialize 
to the original component. Then consider the unique point x G Xq such 
that the specialization oo of oo lies outward from x. Since \a\ < 1, there is 
no etale tail lying outward from x. If e G E(G') corresponds to (x, Xq, W), 
for some W, then Lemma 12.181 shows that cr| ff = 0. But this means that 
a e = for each deformation datum above Xq, which contradicts Lemma 
12.151 We have thus shown that oo is branched of index p u . By Lemma 12.201 
oo specializes to Xq. 

Now suppose a ^ 1 (mod it). Assume for a contradiction that 1 does 
not specialize to the original component. Consider the unique point x G Xq 
such that the specialization 1 of 1 lies outward from x, and let e £ E(Q') 
correspond to (x, Xq, W) for some W. As in the previous paragraph, a e = 
for each deformation datum above Xq, and we get a contradiction. □ 



The following corollary is immediate, using [ObuOflai Proposition 2.22], 
Lemma 12.151 and Lemma 13.71 

Corollary 3.8. All deformation data above the original component are mul- 
tiplicative. In particular, Sj? = v + ^-j- . 



Lemma 3.9. Let c = a H — -J=, where a, 8, a G K and \/l — a means 

VI— a 

either square root. Then if v(c) > and v(a) = 0, there exists an element 
oq G Kq(o., (3) such that v{a — ao) = v(c) + 2v(f3). In particular, one can 

choose oq = 1 — ^ 

Proof. Solving for a, we find that a = 1 — (^r^;) • Choose ao = 1 — 
Then 

n o ( 2ca — c 2 
a — oq = 8 



a 2 (a — c) 2 r 

Clearly, v(a - a ) = 2v(/3) + v(c). □ 
For positive integers q and r\,...,r n such that Yli r i = Q\i define 



g! 

ri,...,r n l r x \---r n \' 
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We leave the proof of the following lemma to the reader: 

Lemma 3.10. For any prime p, v p M ri 9 r M > maxj (^v p ((,?))) = v p(l)~ 
minj(u p (rj)) (here ( 9 .) is the standard binomial coefficient). 

3.3.2. The new (etale) tail. An open p-adic disk is determined by its radius 
and any point inside. The disk corresponding to the new tail is centered 
at a. The following lemma determines its radius: 

Lemma 3.11. Let p (resp. e) be an element of K such that \p\ (resp. \e\) is 
the radius of the disk centered at x = a corresponding to Xf, (resp. the disk 
centered at z = corresponding to Z\>). 

: (i) If a ^0,1 (mod tt), then v(p) = |(i / +^ri) and v(e) = g^+^rr)- 
: (ii) If a = (mod tt), then v(p) = |(f + — + ^v(a) and v(e) = 

Kv + ^-via)). 
: (Hi) Ifa=l (mod tt), then v(p) = |(i/ + ^-j- + v(l — a)) and v(e) = 

Proof. Since z 2 = ^^p, then for any z, v(z) = \{v(x — a) — v(x)). Since 
Xb is a new tail, x = does not specialize to the corresponding disk. So 
for any x in this disk, v(x — a) > v(a), thus v(x) = v(a). This shows that 
v(z) = \{v{x — a) — v(a)) in this disk, and thus v(e) = \{v{p) — v(a)). 
Therefore, it suffices to prove the statements about v (p). 

Consider the path {i>i}^ =0 , {ej}| = g, where vq corresponds to Xq and Vj 
corresponds to X b (g23T]). Write e; (resp. af , ^ eff ) for e 6i (resp. af , 
(see Definition I2.16p . Then 5q = v + — whereas 5j = 0. 

To (i): Suppose a ^ 0,1 (mod 7r). Then X;, is the only etale tail lying 
outward from the point xq corresponding to cq. No branch points with 
branching index divisible by p lie outward from xo, either. By Lemma 12.181 
°f ff = § for all < z < j. By applying Lemma[2T7](iii) to each e^, < i < j, 
we obtain v(p) = + 

To (ii): Suppose a = (mod tt). In order to separate the specializations 
of x = a and x = on the special fiber, there must be a component W of 
X corresponding to the closed disk of radius \a\ and center (or equiva- 
lently, center a). Suppose W corresponds to Vi . Then, for i < io, Lemma 
EJH shows that af = 1. For i > i , Lemma EJH shows that af = §. 
By construction, we have Y^i=o e i = v(a). Applying Lemma [2.171 (iii) to 
each of the edges eo, • • • ,ej _i, we see that <5|£ = v + ^rx — v (a). Then, 
applying Lemma 12.171 (iii) to each of the edges e, , . . . , e.j-i, we see that 
EU * = ^ - Ha))- So v(p) = Efco * = §(«/ + ^t) + |«(a). 

To fwj: Suppose a = 1 (mod 7r). In order to separate the specializations 
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of x = a and x = 1 on the special fiber, there must be a component W of 
X corresponding to the closed disk of radius |1 — a\ and center 1 (or equiv- 
alently, center a). Suppose W corresponds to Vi . Then, for i < io, Lemma 
EJH shows that of = \. For i > i , Lemma EH] shows that of = §. 
By construction, we have Y^T=o e « = v 0- ~ a )- Applying Lemma T2.17I (iii) 
to each of the edges eo, • • • , ej _i, we see that 5|2 = v + — \v(\ — a). 
Then, applying Lemma 12.171 to each of the edges ej , . . . , e.j—x, we see that 
EfcJ* = W + ^-Hl-a)). Sov(p) = Egej = f^ + ^+^l-a)). 
□ 

We now determine a center of the disk corresponding to Xf,. It will turn 
out that this disk is uniquely determined by p, r and s. We will replace a 
by a center of this disk defined over as small an extension of Kq as possible. 
We will have to deal separately with the cases a ^ 0,1 (mod tt), a = 
(mod 7r), and a = 1 (mod 7r) (Propositions 13.121 13.191 13.26|) . Note that our 
choice of a does not affect which case we are in, as the radius of the disk is 
less than 1. 

3.3.2.1. The case o^0,l (mod tt). 

Proposition 3.12. If a ^0,1 (mod tt), then the disk A corresponding to 
Xb contains the K^-rational point 1 — So in the auxiliary cover construe- 

2 

tion, we can choose a = 1 — t-. 

Proof. We know v(e) = ^(z/ + ^rj) by Lemma 13.111 Since g^ l \0)/i\ is the 
coefficient of z l in the Maclaurin series expansion of g, and since v(-\/l — a) = 
0, we obtain that v{^P-) > 0. Thus v(a) > iv(e) = §(z/ + ^-). It follows 
that for p\i (and i / 0), v(c{) > ^ + ^-j-. So for the torsor given by (|3.4j) 
to split into p v_1 disjoint ^ p -torsors with etale reduction, Lemma 12.141 (i) 
says that we must have v(c\) > v + In particular, we must have 

v(g'(0)) > |(f + ^zi). A calculation shows that 

5 '(0)=2r + ^_. 

Since the branching index of 1 is p v , s is a unit modulo p and v(2s) = 0. 
Since v(g'(0)) > \{y + ^-), Lemma [3J2 (with c = g'(0), a = 2r, /3 = 2s) 

shows that the point oq = 1 — ^ £ Kq satisfies v(a — ao) > |( l/ + But 
by Lemma f3.HI v(p) = |(^ + ^rj), where |/?| is the radius of A. So we can 
choose a = oq. □ 

Remark 3.13. In fact, if a is as in Proposition 13 . 1 2} we have 1^(03) = ^+^rr 
and v(ci) > v + ^-j- for i 7^ 3. By [Obu09al Lemma 2.18 (i)], the torsor 
given by (|3.4j) indeed splits into p u ~ l disjoint /x p -torsors with etale reduction 
of conductor 3. 
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3.3.2.2. The case a = (mod tt). In this case, v(e) = ^(v + — — v(a)) by 
Lemma 13.111 

Lemma 3.14. We have v(a) = v(r + s) < v — 1. In particular, v(a) G Z. 

Proof. The cover y s * r — > Z str splits completely above the specialization z 
of z = 0. Recall that t is a coordinate on the disk corresponding to Zb, 
so that z = et. Then z corresponds to the open disk \t\ < 1, and |Ray94 



Proposition 3.2.3 (2)] shows that this disk splits into p u disjoint copies in 

Y . In particular, g(et) is a p u th power in i£[[t]]. If Yl a ^ * s a power series 
in R[[t]] that is a p u th power, the coefficient of t must be divisible by p v . So 
the coefficient c\ of t in g(et), which is g'(0)e, has valuation at least v, and 
thus v{g'(0)) >v- v{e) = \v + \v{a) - g^rry • 

On the other hand, </(0) = 2r + J^ s = , which can be written as 

2r + 2s(l + I + 0(a 2 )) = 2(r + s) + sa + s(0(a 2 )), 

where 0(a 2 ) represents terms whose valuation is at least 2v(a). If we assume 
for the moment that v(a) < v — 2(p~\) > then we must have f (</(0)) > %y + 

(o)— 3 (p 1 _i) > v(a). Since u(a 2 ) > v(a), this means v(2(r+s) + sa) > v(a), 
so u(r + s) = v(sa) = v(a) (v(s) = 0, by Lemma l3"7T|) . Since v(r + s) G Z, 
i>(a) = u(r + s) < v — 1. 

If instead, we assume that v (a) > z^ — 2 ( p -i) » then v(g'(0)) > |z/ + |v(a) — 

> v - 1. So u(2(r + s)) = u(r + «)>*>. 
It remains to show that we cannot have both v(a) > z/ — 2 ( p -i) ana - 
v(r + s) > v. Suppose, for a contradiction, that this is the case. Then, 
multiplying g(z) by ( z a J , which is a p v th. power, we obtain the 
alternative equation 



y p 



z 



+ VT^\ (z-yfl 



z+l I \ z-l 



to (|3.2|) . Consider the unique component V of Z str above W, the compo- 
nent of X corresponding to the disk of radius \a\ around x = 0. Then V 
corresponds to the coordinate z. The formal completion of T^\{<z = ±1} in 
Z str is isomorphic to Spec C where 

C:= R{{z-l)-\{z + l)- 1 }. 

We have * + z ^f° = 1 + (y^o - l)(z + l)" 1 . Since tj(VT^ - 1) = 
u(a) > v — 1 + -j^j- , this isap y_1 st power in C (use the binomial expansion) . 

Likewise, ( *=£^\ is a p^st power in C. So ( ^^r^ )' ( ^^p X is a 
p v st power in C. But this means that there are at least p u ~ l irreducible 
components in the inverse image of V\{z = ±1} in Y , and thus that many 
irreducible components of Y above V. 
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Now, W is not a tail, so it is not an etale component by Lemma [2 .21 So W 
must be a p-component. Furthermore, it cannot intersect a p 2 -component, 
because the inertia groups above the intersection point would have order 
divisible by p 2 , and then there could not be p v ~ l irreducible components 
above V. So Y has p u ~ l irreducible components above V, each a radicial 
extension of degree p. Associated to each is one deformation datum. It has 
three critical points: two at the intersection of W with outward-lying com- 
ponents, and one at the intersection of W with inward lying components. 
By Lemma |2.18( the first two critical points have invariants 3/2 and 1/2, 
and [Wew03b, p. 998, (2)] shows that the third has invariant —1. Since no 
multiplicative deformation datum can have —1 for an invariant, the defor- 
mation datum must be additive. But this contradicts [Wcw03a, Proposition 
2.8], proving the lemma. □ 

Remark 3.15. Armed with the knowledge that v(a) = v(r + s), we can 
run the argument of the second-to-last paragraph of the proof again to 
see that g(z) is a p v ^~ 1 st power in C, and thus there are at least p v ( a ">~ 1 

irreducible components of Y above V. In particular, W is a p*-component 
for i < v — v(a) + 1. 



Lemma 3.16. The valuation v 




Proof. Note that 9 J is the coefficient of z l in the Maclaurin series expan- 
sion of g(z). Since v(a) > v(a) — v(i), it suffices to look modulo a. By (|3.2p . 
g(z) is congruent (mod a) to 

(3.5) (^j) r+S = (l + J^y) ^ = (- 1 -2z-2z 2 -2z 3 ---- ) r + s . 

Expanding out the above expression gives 
(3.6) 

/ \ 



(_1)H 



2< I 



i=l J={ti,...,i g }cN 



r + s 



(the contributions to the term come from taking dj different z lj terms for 
j = 1 to g). 

Now, if Yl q j=i a jij = h then there exists j such that v{a,j) < v(i). By 
Lemma [3.101 the coefficient of z % has valuation at least v(r + s) — v(i), which 
is v(a) — v(i), by Lemma \3.1A[ □ 



Recall that c,- := 



3 W (0) 



e . 



FIELDS OF MODULI OF THREE-POINT G-COVERS WITH CYCLIC p-SYLOW, II 29 

Corollary 3.17. For i > 3, we have v{ci) > v + unless p = i = 5 and 
v(a) = v — 1. 

Proof. By Lemma [3.161 w(cj) > iu(e) + u(a) — v(i). By Lemma [3.111 (ii), 
v(e) = ^(u+^ I -v(a)). So 

(3.7) v(a) > M !/ + _i_ - u( a )^ + u(a) - u(i) 

1 i — 3 / 1 .A 

3.8 = ^ + - + __,/+ --«(o ) -«(»)• 

p — 1 3 \ p — 1 / 

Therefore, v(ci) > v + whenever ^ ^ {y + — v (a) ) > By Lemma 

I3.14[ i/ — u(o) > 1. One checks that ^ g 3 -* (t/ + -fkj — w(o)) > always 
holds, except when p = i = 5 and w(a) = i/ — 1. This proves the corollary. 
□ 

Remark 3.18. In the case p = 5 and v(a) = v — 1, one uses (|3.6p to see 
that 9 is congruent to 32( r ^" s ) (mod a) (this is the term where I = {1} 
and ^4 = (5); all other terms are modulo a). Thus C5 is equal to 32( r ^" s )e 5 
plus terms of valuation greater than v (ae 5 ) = ^ + jf >^ + | = z^ + — ^j. 
Also, v(c 5 ) = v + j^. 

Proposition 3.19. Suppose a = (mod 7r). 

: (i) If p > 5 or w(a) < 1/ — 1, £/ien i/ie disk A corresponding to X& 

2 

contains the K^-rational point 1 — So in the auxiliary cover 

2 

construction, we can choose a = 1 — ^ . 
: (^i) If p = 5 and v(a) = v — 1, then A contains the point 1 



2 

(jfor aM choices of 5th root). So in the auxiliary 

2 



cover construction, we can choose a = 1 



V / 5 4 - +1 Cr) 



Proof. To (i): By Corollary I3.17[ f(cj) > v + — for all i such that p|i 
By Lemma 12.141 (i), the torsor given by (|3.4p can split into p u ~ 1 disjoint 
/ip-torsors with etale reduction only if v{c\) > v + — ij. In particular, we 
must have 

v(g'(0)) = v(2r + -=L=) >v + — r - v(e) = \{y + -— ) + -v{a). 

Vl — a p- 1 3 p — 1 3 

By Lemma [379l ao = 1 — ^ G -Ko satisfies u(a — ao) > \{y + r^j) + ^f(a). 
But by Lemma [3.111 v(p) = |(i/ + ^-j-) + ^v(a), where \p\ is the radius of 
A. So we can choose a = oq. 

To (ii): Let c' 5 = 32( r + s )e 5 . By Remark [313 v(c' 5 - c 5 ) > u + | and 
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u(cs) > n. Also, Corollary 13.171 shows that f(c«) > u + j for alH > 5 such 
that 5|i. By Lemma [2.14l (ii). the torsor given by (|3.4p can split into 5 y_1 dis- 
joint /is-torsors with etale reduction only if v ^ci — \J 32 • 5 4 ^ +1 ( r e 5 ^ > 



In particular, we must have 



( •>■•') '-(//CO)- i/^- 1 "- J ( r 5 S 



Recall that #'(0) = 2r + ^2^. Since « ^(1 - ^L=)^/32 • S 4 ^ 1 ^ 4 
v(o) v — \ > v — \ (as u(a) > 1), Equation (|3.9p is equivalent to 




v 2r 




By Lemma 1331 we have v(a — a ) > v— A, where oq = 1- 



But u(p) = f — |, so ao specializes to X;>, and we can take a = ao- □ 

Remark 3.20. As in Remark 13. 13| one shows that if a is as in Proposition 
I3.19( then the torsor given by (I3.4p indeed splits into p v disjoint /x p -torsors 
with etale reduction of conductor 3. Also, if we are in case (i) of Proposition 

13. 191 and a = 1 — then since v(g'(0)) > 0, we must choose \Jl — a = — ^. 

3.3.2.3. The case a = 1 (mod it). In this case, v (e) = ^(u + — j + v(l — a)), 
by Lemma 13.111 We claim that x = 1 is branched of index strictly less than 
p v . Indeed, if x = 1 is branched of index p u , its specialization 1 would lie on 
Xq by Lemma 12.201 But 1 must be a smooth point of X. So 1 corresponds 
to an open disk of radius 1. Since a = 1 (mod 7r), then a would specialize 
to 1 as well, contradicting the fact that a specializes to an etale tail. Let 
pVi < pv be the branching index of x = 1. Then we know v{s) = v — v\. 

Since the specializations of 1 and a cannot collide on X, we must have a 
component W of X corresponding to the disk of radius |1 — a\ centered at 
1 (or equivalently, at a). 

Lemma 3.21. We have v(l - a) < 2(u - 1 + -^-). 

Proof. Let Q < G str be the unique subgroup of order p vi . Consider the 
cover (f st )' : (Y str ) st /Q — > X st , with generic fiber /'. Consider the path 
{v i}l = Q, {ei}lZ in Q, where t>o corresponds to Xq and Vj corresponds to W. 
Write (of ff )' (resp. (<5f )') for the effective invariant at for (f st )' (resp. the 
effective different at V{ for (f st )'). Then (<5g ff )' = v — v\ + — 

Since no branch point of /' with index divisible by p, and only one branch 
point with index 2, specializes outward from the point corresponding to any 
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d, Lemma EE] shows that (af)' - 1 is a sum of elements of the form a — 1, 
where a > 0, a G iZ, and <r G Z for all but one term in the sum. Therefore, 

(of y -!>-!, S o « ff y > i. 

By Lemma 12,201 and monotonicity, x = 1 specializes to a component 
which intersects a component which is inseparable for (f st )'. In particular, 
since x = 1 specializes on or outward from W, it must be the case that any 
component of X lying inward from W is inseparable for (f st )'. Then, we can 
apply Lemma f2. 171 to each e» 3 < i < j, to show that f — z^i + — (<5° ff )' > 

±u(l - a). Since (<^ ff )' > and i/j. > 1, this yields u(l - a) < 2(i/ - 1 + -^-). 
□ 



Lemma 3.22. VFe have v(yl — a) = v(s). In particular, v(y/l — a) G Z. 

Proof. As in the case a = (mod 7r), we must have that v(g'(0)e) > v (see 
beginning of proof of Lemma l3.14p . so v(a'(0)) > \v— ^(^rr+f (1— a))- Since 
u(l -a) <2(v-l + ^L) (LemmaESU), we see that v(g'(Q)) > § - > 0. 
Recall that g'(0) = 2r + J^ s = . Since u(2r) = (/ is totally ramified above 
x = oo), it follows that u(-t==) = 0. Therefore u(\/l — a) = v(2s) = v(s). 



□ 



Lemma 3.23. The valuation v 



(i) (q\ 

Proof. Again, tf ^ ' is the coefficient of in the Maclaurin series expansion 
of g(z). Since (1 — i)v(\/l — a) — v{i) < 0, it suffices to look at coefficients 
modulo R (as an i?-submodule of K). Then, g(z) is congruent (mod R) to 
(3.10) 



f±^=(i + - ? | rT )=i-i-*.-*-*' 



where ui = ^ ] z _ a ■ This is analogous to (|3.5p . and we conclude as we do 

in Lemma 13.161 that the coefficient of w l has valuation at least v(s) — v(i). 
Thus the coefficient of z 1 has valuation at least v(s) — v{i) — iv(yl — a). By 
Lemma 13.221 this is (1 — i)v(y/l — a) — v(i). □ 

Recall that a := ^M e \ 

Corollary 3.24. For i > 3, we have v(ci) > v + unless p = i = 5 and 
v(\/l — a) = v — 1. 



Proof. By Lemma 13.23} v (q) > iv(e) + (1 — i)v(s/l — a) — v(i). By Lemma 
EH] (iii), v(e) = \{v + ^ + u(l - a)). So 



viz 



(3.11) u(ci) > + + «(1 - a) J + (1 - i)w(vT 

(3.12) = v + J_ + 1^1!,+ ^_-t,(vT^) ]-«(»). 

p — 1 3 \ p — 1 
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Therefore, u(cj) > v + whenever ^~ 3 ^ [y + — v(\/l — a)) > v(i). 
By Lemma 13.211 v — v(\Jl — a) > 1. One checks that - g 3 ^ [y + ^-j- — 

— «)) > always holds, except when p = i = 5 and — a) = 

v — 1. This proves the corollary. □ 



Remark 3.25. In the case p = 5 and v(s) = v{y/\ — a) = v — 1, one sees 
(using ([Ml) and ([330]) ) that i s congruent to (^/T^o)" 5 32(^) modulo 

(Vl — a) (viewed as an i?-submodule of K). That is, «™p is equal 

to — a) 5 32(g) plus terms of valuation greater than — Av — a) = 
4(1 — v) . So C5 is equal to (\/l — a) 5 32 (^) e 5 plus terms of valuation greater 
than 4-4u + 5v(e) = u + ^>u + \ = u + Also, v(c 5 ) = v + ^. 

Proposition 3.26. Suppose a = 1 (mod 7r). 

: (%) 7/p > 5 or v(\/l — a) < ^ — 1, £/ien t/ie disk A corresponding to 
Xb contains the K^-rational point 1 — %. So in the auxiliary cover 

2 

construction, we can choose a = 1 — ^ . 
: (ii) If p = 5 and v(\/l — a) = v — 1, i/ien A contains the point 

1 — — 5L - - — . So in the auxiliary cover construction, we can 



choose a 



Proof. To (i): By Corollary I3.24| v(cj) > ^ + — ^j- for all i such that p|z. 
By Lemma 12.141 (i), the torsor given by (|3.4p can split into p u ~ 1 disjoint 
^p-torsors with etale reduction only if v(c\) > v + — j. In particular, we 
must have 

2s s 1 , x 2 



«(</(0)) = v(2r + -7==) > v + - vie) = -{y + - v{y/T=a)). 

V 1 — a p — 1 3 p — 1 

By Lemma [331 oq = 1 — p G -Ko satisfies u(a — a ) > |(f + p-^y + u(l — a)). 
But by Lemma f3. Ill t>(p) = |(z/ + + -u(l — a)), where |/)| is the radius of 
A. So we can choose a = a$. 

To (ii): Let c' 5 = (VT^a)" 5 32(^)e 5 . By Remark v(c' 5 - c 5 ) > 

v + 4 and u(c5) > n. Also, Corollary 13.241 shows that v(ci) > v + \ 
for all z > 5 such that 5|«. By Lemma 12.141 (ii), the torsor given by 
(13. 4p can split into 5^ _1 disjoint /is-torsors with etale reduction only if 



v U - ^(VT^)" 5 32 • 5^+i(^) >^+3- 
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In particular, we must have 



v \ g'(0) - fl(VT^y 5 32- ^+^U > v +l-v(e 5 



6' 



which can be rewritten as 



2s - {/ 32 • I 
v I 2r 




By Lemma [3 .91 we have v(a— Qq) > 2^— X, where ao = 1 



s-y^+Hs) 



But v(p) = 2i> — g 3 so ao specializes to Xb, and we can take a = qq. □ 

Remark 3.27. As in Remark 13. 13} one shows that if a is as in Proposition 
I3.26( then the torsor given by (I3.4p indeed splits into p u ~ 1 disjoint // p -torsors 
with etale reduction of conductor 3. Also, if we are in case (i) of Proposition 
13.261 and a = 1 — 3, then since v(g'(0)) > 0, we must choose y/l — a = — ^. 

3.3.3. The inseparable tails. Maintain the notations of £ )3.3.2i Throughout 
^3.3.31 we assume that v > 1 (if v = 1, there can be no inseparable tails by 
Lemma 12.31). 



Lemma 3.28. Suppose X has a new inseparable p 3 -tail X c . 

: (i) The only new inseparable p 3 -tail is X c . Its effective ramification 
invariant is a c = 2. 

: (ii) There are two p 3 -components Xr and Xri of X that intersect 
pi +1 -components and have non-integral effective ramification invari- 
ant. We have op = a pi = ^. Also, up to switching indices (3 and (3' , 
we have Xq -< Xp -< Xb and Xq -< Xpi -< Xy . 

: (Hi) If a = (mod tt), then j < v — v(a). If a = 1 (mod ir), then 
j < v — v(\/l — a) — 1. 

Proof. To (i) and (ii): Let {X a , a 6 ^4} be the set of all ^-components 
that intersect p- J+1 -components. By Lemma 13.61 this includes all the p 3 - 
tails. Also, for i > 0, let Llj be the set of all branch points of / (equivalently 
f str ) with branching index divisible by p 1 . As a consequence of [Obu09b, 
Proposition 3.17] (setting the "a" of [Obu09bJ equal to our j), we have the 
following equation relating the effective ramification invariants of the X a 
(see Definition [21}: 

(3.13) |n i+1 |-2 = ^(a Q -l). 

By definition, a a > for any X a . Furthermore, by |Obu09b] Lemmas 
4.1, 4.2], any new inseparable tail X a has invariant a a > 2. By Lemmas 
12.2112. 6[ any X a that has non-integral effective ramification invariant and is 
not a tail must lie between Xq and either Xb or Xy, and must have a a > \. 



31 



ANDREW OBUS 



By monotonicity, there are at most two such components: Call them Xg 
and possibly Xgi. If there is a new inseparable p^-tail X c , then the only 
way that f|3. 13|) can be satisfied is if |IIj+i| = 2, if X c is the only new p^-tail 
(and a c = 2), and if Xg and Xgi both exist (with og = o~gi = i). 

To (Hi): If a = (mod 7r), recall that W is the component of X sepa- 
rating and a. Assume that j3 and /3' are as in the statement of (ii). Then 
W -< Xg (and W -< Xgi). Now, by Remark l3.15l the order of generic inertia 
above W is at most p u ~ v ( a )+ 1 . By monotonicity, Xg has less inertia than 
W. Since Xg is a ^-component, we see that j < v — v(a). 

If a = 1 (mod 7r), then Lemma 13.221 shows that f str is branched above 1 
of index p u - v (Vi—a) _ From the proof of (ii), |IIj + i| = 2, which means that 1 
is branched of index at least . It follows that j < v — v(\/l — a) — 1. □ 

Lemma 3.29 (cf. Lemma 13. 1 lj) . Suppose X has a new inseparable p 3 -tail 
X c , and maintain the notation Xg from Lemma \3. 281 Let Zg be the unique 
component of Z str above Xg. Let e' (resp. p' ) be such that the radius of the 
disk corresponding to Zg (resp. Xg) is \e'\ (resp. p'). 

: (i) If a ^ 0,1 (mod n), then v(p') > |(z/ — j + and v(e') > 

: (ii) If a = (mod it), then v(p') > |(f — j + + ^v(a) and 

v(e') > l(u-j + ¥ ^-v(a)). 

: (Hi) If a = 1 (mod it), then v(p') > — j + — v(l — a)) and 

v(e')>\{v-j + 1 ± l + v(l-a)). 

Proof. We give only a sketch. As in Lemma |3.11| we have v(e') = ^(v(p') — 
v(a)), so it suffices to prove the statements about p' . 

Let Q < G str be the unique subgroup of order p 3 , and let 

(f st )' : (Y str ) st /Q X st 

be the canonical map. 

Consider the path {vi}f =0 , {ej}^~Q, where vo corresponds to Xq and V£ 
corresponds to Xg. Write (of ff )' for the effective invariant for (f st )' at ej. 
The effective different for (f st ) f at vq is v — j + — whereas at it is 0. 

Lastly, write Aj = 1 (resp. 0) if X c lies (resp. does not lie) outward from 
the point corresponding to ej. In particular, A^_i = 0, so Aj is not always 1. 

To (i) (cf. Proof of Lemma EH] (i)): By Lemmas EH] and (af)' = 

| + Aj. In particular, A^_! = 0, so (of ff )' < | with equality not holding 
for some i. By applying Lemma 12.171 (iii) to each e$, < i < £, we obtain 
V (p') > l(u-j + ^ 1 ). 

To (ii): Recall that W is the component of X corresponding to the closed 
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disk of radius \a\ and center a. Suppose W corresponds to Vi . Then, for 
i < io, Lemma 12.181 shows that (erf)' = Aj. For i > io, Lemma 12.181 
shows that (of)' = \ + Aj. If A, were equal to 1 for all i, we would have 
v(p') = |(z^ — j + ^rj) + ^v(a) (cf. Proof of Lemma [3.111 (ii)). But since, 
for large enough i, we have Aj = 0, we can see from Lemma 12.171 (iii) that 
v(p') > l{v - j + + ±v(a). 

To (iii): In this case, W is the component of X corresponding to the closed 
disk of radius |1 — a\ and center a. Suppose W corresponds to t>j . Then, 
for i < io, Lemma 12.181 shows that (erf)' = — ^ + Aj. For i > io, Lemma 
ETS] shows that (of)' = ~ + Aj. If A i were equal to 1 for all i, we would 
have v(p') = - j + + v(l - a)) (cf. Proof of Lemma [3JTJ (iii) ) . But 
since, for large enough i, we have Aj = 0, we can see from Lemma 12.171 (iii) 
tha,tv(f/)>l(v-j + ^ 1 +v(l-a)). □ 

Proposition 3.30. Suppose that X has a new inseparable p 1 -tail. Then 
a = (mod n) or a = 1 (mod tt). Furthermore, if a = (mod it), then 
either j = v — v(a), or both p = 5 and j = v — v(a) — 1. If a = 1 (mod it), 
then p = 5 and j = v — v(\/l — a) — 1. 

Proof. Maintain the notation Xp and Zp from Lemma 13.291 Let e' be 
such that the radius of the disk corresponding to Z p is \e'\, and let t' be a 
coordinate on this disk. Let Q < G str be the unique subgroup of order p^ . 
Write q : (Y str )' := Y/Q — >■ Z str for the canonical map. We can write the 
equation of q in terms of t' as 

r =g{et) = l + —y-(et) + —y-(et) +■■■ . 

We claim that, unless j and a are as in the statement of the proposition, 
the right-hand side is a p u ~Hh power in Frac(i?{t'}). This means that 
(Y str ) st /Q splits into p v ~i irreducible components above Zp, each mapping 
isomorphically to Zg. This implies that Xa is a p'-component for / that 
does not intersect a p ?+1 -component, which contradicts the definition of Xr. 

Let be the coefficient of (t') 1 in g(e't'). Then c[ = Ci(^) 1 , so u(c'j) = 
v(ci) — i(v(e) — v(e')), which is greater than v (q) — |j, by Lemmas 13.111 and 
13^291 

In the case a ^ 0, 1 (mod tt), it is clear from Lemma 13.291 that w(c^) > 
v ~ J ' + p~r f° r * — 3- Also, by Lemma l2.14l (i). we have w(cj) > v + for 
i = 1,2. Then 

/ IS 1 « • 1 

v(Cj) > i/ H - -j > v - j + 



p — 1 3 p — 1 

for z = 1,2. Since f (c'j) > ^ — j + — for all i, the binomial theorem shows 
that g(e't') is a p u ~Hh power in Frac(i?{t'}), finishing this case. 
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Now, suppose a = (mod tt). Since v(c^) > v(cj) — Equation (|3. 12 j) 
shows that 

1 i — 3 1 

w(c-) > v - j + + — — (v - j H - v(a)) - u(t). 

p — 1 3 p — 1 

By Lemma T3.28I (hi), v — j — via) > 0. We obtain that f(c^) > ^ — j + 
for i > 3, unless j = v — v{a) or both j = u — v(a) — 1 and p = i = 5. 
Barring these possibilities, we conclude as in the case a j£ 0, 1 (mod 7r) that 
v(d i ) > v—j + ^j f° r i = 1,2. Since u(c^) > z^— j + ^rr f° r a h i, the binomial 
theorem shows that g(e't') is a p y_J th power in Frac(i?{t'}), finishing this 
case. 

Lastly, if a = 1 (mod 7r), then since v(d i ) > v(ci) — |j, Equation (|3,12|) 
shows that 

I i — 3 1 

v ( c 'i) > v ~ 3 H 7 + —5— -iH 7 - v Wl - a)) - v(i). 

p — 1 3 p — 1 

By Lemma l3.28l (iii). u—j—v(y/l - a) > 1. We obtain that v (4) > ^-J + t^t 
for i > 3, unless p = i = 5 and j = v — v{y/l — a) — 1. We conclude as in 
the case a = (mod tt). 

□ 

Proposition 3.31. ^4 new inseparable tail in fact exists in all cases allowed 
by Proposition \3. 3 (A In particular: 

: (i) If a = (mod tt), then X has a new inseparable p u ~ v ^ -tail cor- 
responding to the disk of radius p W a ) + (p-i)) around x = |. T/ie 

too components of Z str lying above correspond to the disks of radius 

1 1 \ — 
p y ' 2 (p- 1 )' around z = ±v — 1- 

: (ii) If a = (mod tt), p = 5, and v(a) < v — 1, then X has a 

new inseparable p u ~ v ( a ^~ 1 -tail corresponding to the disk of radius 

p—( v { a )+2o) around x = j^p, where d := =L ^ 5 r ( + ^ ^ (for any 

choice of 5th root). The two components of Z str lying above corre- 

—11 

spond to the disks of radius p *o around the two possible choices of 

d. 

: (Hi) If a = 1 (mod it), p = 5, and v(y/l — a) < v — 1, then X has a 
new inseparable p u ~ v W l ~ a )- 1 -t a n corresponding to the disk of radius 
p-(t>(l-a)+35) aroun d x = j^-p, where d := ±2^ ^ 5 " (v ^ r °' )+ -^ (for 

any choice of 5th root). The two components of Z str lying above cor- 
respond to the disks of radius p _ ( 1 '(^ 1_a )+4o) around the two possible 
choices of d. 

Combining this with Lemma 13.281 (i). we obtain: 

Corollary 3.32. The new inseparable tails mentioned in Proposition \3. 31\ 
are all the new inseparable tails of X . 
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Before proving Proposition 13.311 we prove a lemma. Recall that 

' z + l\ r ( z + yl — a 



9{z) 



z-lj \z-</L 

Lemma 3.33. Suppose p = 5. 

: (i) Suppose a = (mod it), v(a) < v — 1, and a = 1 — pj. Let d, e" G 
R with v{d) = | and v(e") = Then, if we expand g(d + e"t") as 
a power series in R{t"}, we will have g(d + e"t") = 

r+slnf^ i „\j2 //.// i r,/ i \ ji ii + ii\2 | 32(r + s) „ „ 5 



5 (d) + (-l) r+s f 2(r + a)dVY' + 2(r + sMe'Y') 2 + v g ' (e"t") 

modulo 5 v ^ + i +t R{t"} for some e > 0. Furthermore, v(g(d) — 
(_l)H-») = „( ) + 1. 

: (ii) Suppose a = 1 (mod 7r), v(\/1 — a) <v — \, and a = 1 — Let 
d,e" G i? wit/i u(d) = v(y/l - a) + | and v(e") = v{y/l - a) + 
T/ien, i/ we expand g{d + e"i") as a power series in R{t"}, we will 
have g(d + e"t") = 

( r 3 r 3 "iOr^ 

- 8 r -d 2 e"t" - 8 r - 1 d(e"t") 2 - ^ T (e"t") 5 
s z s z 5s 4 

modulo f> v ^ 1 ~ a } + ± +e R{t"} for some e > 0. Furthermore, v(g(d) 

(-l) r +») = v(VT^i) + 1. 

Proo/. Write v 7 !^ = -f (Remarks [3J2Q1 E2ZD . 
To (%): We can write 

'z + l\ r+s { f z + yT^d 



(3.14) 5 (z) 



Recall (Lemma [3.14j) that v(r + s) = v(a). We will calculate g(d + e"t") by 
first expanding g(z) as a power series, and then plugging in z = d + e"i". 
Note that, since mm(v(d),v(e")) = |, we can essentially think of z as having 
valuation I, and thus can ignore terms of the form cz l such that v(c) + %i > 



v(a) + |. Throughout, we use the notation a sa r if, thinking of z as a 
generic element of i? having valuation | , we have a = r modulo terms with 
valuation > v(a) + f . Since u(a) > 1, note that a?z « 0. This will be used 
repeatedly (without mention) below. 

Using (13. 5j) . (13. 6ft . and simplifying, we can write 
(3-15) 

Z + 1 \ ~ r_-|\r+s / -i , 9 / , n , 8 /,„ , a \ v 3 , 32 / , n 5 



, , . 1 + 2(r + s)z + -(r + s)z J + — (r + s)r 
z—1 J V 3 5 
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On the other hand, since \/\ — a = — -p, if we let fj, = \/l — a — 1 = — £±2, 
then v(fi) = v(a). We can write 



z + l / \ z — y/\ — a J ) V z + 1 z—l — fi' 

z 



1 +2s/i 



z 2 



and thus 
(3.16) 



z + VT^ r a N \/' z-1 ^ _ n , s(r + s)^ , _ ;; 



z + l / V«- VT 



1+2^ -(z+z d ) » l-2(r+s)(z+^). 



Combining (pTHD . (13TT5D . and (f3TToD yields 

<?(*) « (-lf+ s ^1 + -(r + s)z 3 + - (r + 

Now, if we plug in z = d + e"t" (and ignore all t" terms where the coefficient 
has valuation > v(a) + §), then z 3 becomes d 3 + 3d 2 e"t" + 3d{e"t") 2 and z 5 
becomes d 5 + (e"t") 5 . We obtain the expression in the lemma. 

Since v(^(r + s)d 5 ) = v(a) + 1 and f (§(r + s)d 3 ) = v(a) + |, we see that 
v(g{d) - (-iy+ s ) = v{a) + 1. 

To (ii): Recall by Lemma [3.221 that v{s) = u(vl — a). Let w = ^*_ a = 
— ~ s z. Again, we calculate g(d + e"t") by first expanding g{z), and then 
plugging in z = d + e"t". Since mm(v(d),v(e")) = v(y/l — a) + |, we can 
essentially think of z as having valuation v(y/l — a) + | and w as having 
valuation |. We will write <t ~ r if , thinking of z (resp. w) as a generic ele- 
ment of R having valuation v(^l — a) + | (resp. |), we have cr = r modulo 
terms with valuation > v(yfl — a) + |. 
Using (|3.6p . we have 



(3.17) (l^l) T «(" 1 ) r ( 1 + 2 ") 

(note that z 2 « 0). 

On the other hand, using (|3.10p . (|3.6p . and simplifying, we can write 

z + VT=a\" _. , ,™ /\ , , 8 3 32 B 



(3.18) v ss (-l) s 1 + 2sw + -s«i J + — sw 

,z — v 1 — a ' 



Combining (I3.17|) . (I3.18p . and substituting w = — - g z yields 

8r 3 3 32r 5 
3^ Z ~~5? 



(3.19) g{z) « (-!)"+• ( 1 - _ __ z 5 



If we plug in z = d + e"t" (and ignore all t" terms where the coefficient has 
valuation > v(y/l - a) + §), then z 3 becomes d 3 + 3d 2 e"t" + 3d(e"t") 2 and 
z 5 becomes d 5 + (e"t") 5 . We obtain the expression in the lemma. 
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Since v(^d 5 ) = v(y/T=a) + 1 and v(^d 3 ) = v{s/T=a) + f , we see 
that v{g{d) - (-l) r+s ) = v(^T^) + 1. □ 

We now prove Proposition 13,311 

Proof. Since z 2 = 2=5 ; it is easy to check (as in Lemma [3.1ip that it suffices 

to prove the statements about Z str . 

Say that we wish to show that a disk T> in W\ corresponds to a component 
of Z s r lying above a new inseparable p'-tail X c of X. Let Q < G str be 
the unique subgroup of order p> . If Y, Z are the formal completions of 
(Y str ) st /Q and (Z str ) st along their special fibers, then we claim that it 
suffices to show that the generic fiber of the torsor / : Y x ^ D — > T> splits 
into /ip-torsors, each of which has etale reduction with conductor 2. 

We prove the claim. Suppose V is such that / splits as desired. Since 
an Artin-Schreier cover of conductor 2 has genus ^S- > 0, then |Obu09a[ 
Lemma 2.6] shows that X c is contained in the stable reduction of X. Since 
the proposed disks corresponding to X c do not contain x = 0, 1, a or oo, it 
follows that no branch point specializes to or outward from X c . So either X c 
is a new inseparable tail, or there exists a new inseparable tail lying outward 
from X c . In cases (ii) and (iii), no new inseparable tail can lie outward from 
X c , by Proposition 13.30] Lemma [2 .3\ and monotonicity. In case (i), any new 
inseparable tail lying outward from X c would have to be one of the tails in 
(ii) or (iii) (again using Proposition I3.30| Lemma 12.31 anci monotonicity), 
and inspection shows that this is not the case. Thus X c is an inseparable 
tail, proving the claim. 

It remains to show that, for the disks T> in the proposition, / splits as 
desired. Let z = d be a center of T> and e" £ K such that |e"| is the radius 
of T>. Then we can choose a coordinate t" on D such that z = d + e"t" . We 
enlarge K, if necessary, so that g(d) £ (K x ) p . The generic fiber of / can 
be given by the equation 

p „-j = g(d + e"t") 
V 9(d) ' 



To (i): Here d = \J — 1 (either square root) and e" G K with v(e") = 2(p-i) • 
Also, j = v — v(a), so v — j = v(a) = v(r + s), by Lemma f3. 141 So we may 
multiply jj^ by p^+^th powers without changing the generic fiber of /. 
By (I3.14p , we may assume that the generic fiber of / is given by 
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Let \i = — = y/1 — a — 1. Then v(fi) = v(a). Thus we can write 
(3.20) 

_ m _ ( (1 + + _£_))' _ 1 + 2^ + <V), 

where 0(/u 2 ) signifies terms in z whose coefficients have valuation at least 

After a possible finite extension, assume h(d) E (K x ) p . Thus we may 
replace h(z) by ^fey, without changing /. Expanding jMl out in terms of t" 
gives 

h'(ri) „ „ , /,,//, 2 , 

+ W ( + "" 



For all i > 0, Equation (|3.20p shows that v( h ilh $ ) > = f (a) 



v — 3- 



So for i > 2, (e'')*) ; > " " J + F ° r i = X ' ® = °^ 

by direct calculation, so v(^^e") > 2v((j,) = 2v(a) > v — j + For 
t = 2, = 2sfi (z2 2 ^ 1)3 (-4(1 + z 2 ) + 2z(z 2 - 1)) + 0{n 2 ) by direct cal- 

culation. Then v(h"{d)) = v((jl) = v — j. Since v(h(d)) = 0, we have that 
v(^^(e") 2 ) = v-j + ^ T . By |Ubu09al Lemma 2.18 (i)], the generic fiber 

of / splits into -torsors, each of which has etale reduction with 

conductor 2. 

To (ii): Here d = ± (^J 1 )^ 5 (any 5th root) and e" G K with v{e") = 
Since v(r + s) = f (a), then v(d) = I. Also, u — j = v{a) + 1. Then the 
generic fiber of / can be given by yP vt * a)+1 = gl^tg^i ) , By Lemma 13.331 (i) 
this is equivalent to 

^ (a)+1 „ i + ( 2 ( r + s )dW + 2(r + s)d{e"t" f + "~ v ' " y (e"t 



5' 

+ 1 _ g(q 

9(d) 



where "~" means we have equality up to terms with coefficients of valuation 
> v(a) + j. Note that, since v (g(d) — (— l) r+s ) = v(a)+l, dividing out by g(d) 
is the same as dividing the coefficients of positive powers of t" by (— l) r+s , 
up to ~. 

The valuation of the coefficient of it") 2 is v(a)+|. If c'{ and c" are the coef- 

ficients of t and (t") , respectively, then plugging in d shows Cg — 5 4 V f a ) +5 = 0. 

By [Qbu09at Lemma 2.18] (ii), the special fiber of / splits into p v ( a > 
torsors, each of which has etale reduction with conductor 2. 

To (in): Here d = ±2f ( 5" (v ^ )+1 j 2/5 ( any 5th root) and e" G K with 

u (e") = v(\/l — a) + |X. Since t>(s) = u (y/1 — a) by Lemma 13.221 then 
v(d) = v(y/l — a) + |. Also, v — j = v(a) + 1. Then the generic fiber of / 
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can be given by yP v{a)+1 = i^k^l 1 . By Lemma 13.331 (ii). this is equivalent 
to 



1 + (-8^W - 8^d(e"t»f ~ 



where "~" is as in (ii). As in (ii), dividing out by g(d) is the same as dividing 
the coefficients of positive powers of t" by (— l) r+s , up to «. 

The valuation of the coefficient of (t") 2 is v(y/l — a) + |. If c'( and C5 are 
the coefficients of t" and (t") 5 , respectively, then plugging in d shows 

which has valuation v(y/\ — a) + ^ > v(\/l — a) + |. By [Obu09at Lemma 
2.18 (i)], the generic fiber of / splits into p^W -1 // p -torsors, each of which 
has etale reduction with conductor 2. □ 

3.3.4. A field of definition of the stable model. We first determine a field of 
defintion of f str . Recall that f str is branched at 0, 1, 00, and a. 

Proposition 3.34. The cover f str is defined (as a G str -cover) over K str := 
K u (a, VI - a) = K v (a). 

Proof. The explicit equations (|3.ip and (|3.2[) give the cover f str . So it is 



immediate that f str is defined as a mere cover over Ko(a, yl — a). 

Let a be a generator of Z/p" < G str , let /3 be an element of order 2 in 
G str , and let ^p" De a P^th root of unity. Since a* fixes z, Equation (|3.2p 
shows that a*(y) = (p V y for some i £ Z. Also, Equation (|3.ip shows that 
= -2. Then we see that /3*(g(z)) = g(z)- 1 . Thus 0*(y) = (^y' 1 for 
some t 6 Z. This shows that the action of G s * r is defined over i^o(Cp") = K v . 
So / s * r is defined over K v (a, y/l — a) as a G str -cover. 

To conclude the proof, note that v(l — a) = unless a = 1 (mod 7r), in 
which case t>(l — a) = 2v(s) £ 2Z (Lemma 13. 22|) . Since t>(-K" I/ (a) x ) D Z and 
p ^ 2, it follows that Vl - a G -ft^(a). □ 

2 

Recall that we have fixed a = 1 — unless we are in the situation of 

(s- j/s^+l ( r + s ) \ 2 
r " — 

/54n+l(s) \ 2 

or a = 1 — [ — ^— — J , respectively (see Propositions 13.121 13.19( and 

EM- 

Proposition 3.35. : (i) If a =k 0, 1 (mod tt), then (f str ) st C an be de- 
fined over a tame extension (K str ) st of K u . 
: (ii) Suppose a = or a = 1 (mod tt). 
: (a) We have v > 1. 
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: (b) Ifp>5, v(a) =v-\, or v(y/T=a) = v - 1, then (f str ) st 
can be defined over a tame extension (K str ) st of K v (a)(yl + u), 
where u G Kq{o) has valuation 1. 

: (c) If p = 5 and v(a),v(yl — a) <v—l, then (f str ) st can be de- 
fined over a tame extension (K str ) st of K u (tfrj)(tyl + u, tyl + u') 
where n G Q has prime-to-p valuation, u G Kq has valuation 1, 
and v! G Kq ( ^rj) has valuation 1 . 

Proof. Let K str = K u (a), as in Proposition 13.341 

We will use the criterion of [Obu09a| Proposition 2.12], which states that 
if / has monotonic stable reduction, if L/K str is such that Gl fixes a smooth 

point of X on each tail of X, and if Gl fixes a smooth point of Y s '' above 
each tail of X, then (/ s * r ) s * can be defined over a tame extension of L. 

To (i): It is clear that there is a i^ sir -rational point specializing to each 
etale tail (namely, x = and x = a). By (|3.ip and (|3.2p . the fibers of f str 
above x = and x = a consist of /T s<r -rational points. These points are 
fixed by G^str. Now, if a ^ 0,1 (mod ir), there are no inseparable tails 
(Proposition I3.3U|) and K str = K v . This, together with the criterion of 
[Obu09al Proposition 2.12], proves (i). 

To (iia): If a = (mod tt) (i.e., v(a) > 0), then Lemma 13.141 shows that 
v > 1. If a = 1 (mod tt) (i.e., u(l — a) > 0), then Lemmas 13.211 and 13.221 
show that v > 1. 

To (zz&j: Suppose we are in the situation of (ii) and a = (mod tt). By 
Proposition l3.31l (i). there is a p u ~ v ^ -inseparable tail X c to which the K str - 
rational point | specializes. Then each component of Z above X c contains 
the specialization of one of z = ±\/— T. Consider the cover (Y str )' — > Z str , 
where (Y str )' = Y str /Q with Q the unique subgroup of G str of order p u ~ v ( a \ 
Equation (|3.20p shows that this cover can be given by the equation 

^ (a) = l + 2^^- + 0(^), 
z A — 1 

where v (fi) = v(a), and where the terms on the left-hand side are all in 
K (a). Plugging in z = iy 7 — 1, we get that yP v(a) = 1 + q, with v(a) = v(a). 
By a binomial expansion (cf. proof of Lemma l2.14p . 1 + a has a p v ( a ^~ 1 st 
root in Ko(a), which is of the form 1 + u with v(u) = 1. So G K st r ^ fyr+^) 
fixes the fiber above the specialization of x = | G X c for this cover. Since 
the quotient by Q is radicial above X c , it follows that G K str^^/i^^ fixes the 

fiber of Y str above the specialization of x = | G X c pointwise. In particular, 
it fixes a point above X c . 

If, instead, a = 1 (mod 7r), then there is a (not new) p y-1, ( s )-inseparable 
tail X c containing the specialization of x = 1. Then each component of Z 
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above X c contains the specialization of one of z = ±yl ~~ a - Consider the 
cover (Y str )' — > Z str , where (Y str )' = Y str /Q and Q is the unique subgroup 
of G str of order p u ~ v ( s \ After multiplying by p v ( s Hh powers, this cover can 
be given by the equation 

Recall that, by Lemma 13.221 we have v{s) = v(\/l — a). Plugging in z = 
±\/l ~~ a an d multiplying by (— l) r , which is a p v ^th power in K str , we 
get that y'P v(s) = 1 + a, with v(a) = v(s) = v(\/l — a). As in the previous 
paragraph, we conclude that there exists u G Kq(o) with v (u) = 1 such that 
G K str( ^t+m) nx es a point above X c . 

By Proposition 13.311 (i) , these are the only inseparable tails in the situa- 
tion of (iib). Applying the criterion of [Obu09a, Proposition 2.12] finishes 
the proof of (iib). 

To (tie): Assume we are in the situation of (iic) . By Propositions 13.191 
and 13.261 we have oGQc K u , so K str = K v and u (from (iib)) is in Kq. 

Suppose a = (mod ir). Then there is a new inseparable p u ~ v ^~ 1 -tail 
X c i containing the specialization of a K' := K ( ^/r/)-rational point, where 

r] G Q and p \ v{t]) (Proposition I3.3T1 (h)). Each component of Z str above 
X c i contains the specialization of the i^'-rational point z = d of Proposition 
I33T1 (ii). Consider the cover (Y str J Z str , where (Y str )' = Y str /Q and 
Q is the unique subgroup of G str of order p u - v ( a )~ 1 . This cover is given by 
the equation yP v< - a)+1 = g(z). Now, by Lemma T3.33I (i). g{d) = (— l) r+s + a' , 
with v(a') = v(a) + 1. Since (— l) r+s is a p v ^ +1 st power in K u , we may 
assume g{d) = 1 ± a'. By the binomial expansion, 1 ± a' has a p v ^ root 
in K' , which is of the form 1 + u' with v(u') = 1. So G K ,^ fixes a 

point above X c for this cover. Since the quotient by Q is radicial above X c , 
it follows that G K ,^^zpi7) fixes a point above X c i. 

If, instead, a = 1 (mod 7r), the exact same proof (using Proposition 13.311 
(hi) instead of (ii) and Lemma 13.331 (ii) instead of (i)) shows that we can 
find r] G Q with p \ v(rj) and u' G K' := K^{^fj) such that G K ,^^zf^j^ 

fixes a point above the new inseparable tail X c i. We have now addressed 
all the inseparable tails (Proposition I3.31|) , so we can apply the criterion of 
[Obu09a| Lemma 2.12] to complete the proof of (iic). □ 

Corollary 3.36. In all cases of Proposition [3. 35\ the stable model f st of f 
can be defined over (K str ) st . 

Proof. Since the branch loci of f aux and f str are the same, all branch points 
of Y aux — > Y str are ramification points of f str . Thus their specializations 

do not coalesce on f s r , and G^K^yt must permute them trivially. So they 
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are each defined over (K str ) st . By Lemma 12.131 f st is defined over (K str ) st . 
□ 

3.3.5. Higher ramification groups. In this section, we calculate the higher 
ramification groups of the fields in Proposition l3.35l considered as extensions 
of Kq. Recall that, for any finite Galois extension L/K {K a finite extension 
of Kq), we write h L / K for the conductor of L/K ( §2.1j) . 

Proposition 3.37. : (i) If L is a tame extension of K u (u>l), then 
L/Kq is Galois and h^j^ Q = v — 1. 
: (ii) Let r) 6 Kq be such that p \ v{rj), let u G Kq such that v(u) = 1, 
and let u' £ Ko(tfrj) such that v(u') = 1. Let v > 1, and let K' 
be a tame extension of K := K u {tfq){tfl + u, tyl + u'). If L is the 
Galois closure of K' over Kq, then h^/Ko = max(f — 1, -^j). 

Proof. To (i): By |Ser791 IV, Corollary to Proposition 18], h Ki/ j KQ = v — 1. 
Note that any tame extension of a Galois extension of Kq is, in fact, Galois 
over Kq. So L/Kq is Galois. By [Obu09a, Lemma 2.2], its conductor is also 
v-1. 

To (ii): Fix an algebraic closure Kq of Kq. Let K" be the Galois clo- 
sure of K over Kq. Then, because any tame extension of a Galois extension 
of Kq is Galois over Kq, we see that the compositum K'K" is Galois over 
Kq, thus L = K'K". In particular, L/K" is tame. By [Obu09a| Lemma 
2.2], it suffices to show that h K n/ Ko = max(z/ — 1, ^ry). 

Let u\, 1 < i < c, be the distinct Galois conjugates of u' in an algebraic 
closure of Kq. Then K" is the compositum of K v with 

M := #i(^)(#T+^, ^l + u[, . . . ^T+X). 

Note that M/Kq is Galois. The conductor of a compositum is the maximum 
of the conductors ( jObu09aj Lemma 2.3]), so h K /i/ Ko = max(z/ — 1, h M / Ko ). 
It will suffice to show that /ia//x = 

Note that the absolute ramification index of K\ is p — 1. By [Obu 09a, 
Lemma C.6], hx 1 {^/rj)/K 1 = P- Since the lower numbering is invariant under 
subgroups, the greatest lower jump for the higher ramification filtration of 
G{Ki(^t])/ Kq) is p. Then h Kl ^y Ko = ^ by definition. 

Now, by [Obu09a, Lemma C.6, Remark C.7], 

h K l{m ^)/K l( ^) < ^J(P(P-1))-P(P-1)=P- 

The same holds for K\ ( tfrj) ( yl+~u)/K\ ( ^/r/) . Thus, again using [Obu09a, 
Lemma 2.3], we see that hM/Ki(fyrj) < P- By |Obu09al Lemma C.l] (with 
our Kq, Ki(tfrj), and M playing the roles of K, L, and M in |Obu 09aj). 
either h M/Ko = or /i A// ^ > and 

p(p- 1) ( hM / K l(Vv) ~P) = h M/K ~ 
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Since the left hand side is negative whereas the right hand side is positive, 
the second option cannot hold. So h M / Ko = □ 

Note that in Proposition 13.351 (iib), either a S Kq or a € Ko(tfrj), for 
some T) £ Q with p \ v p (rj). Thus Proposition 13.371 shows that the Galois 
closures (over /To) of all of the extensions (K str ) st in Proposition 13.351 have 
conductor < v over Kq. This, along with Corollary 13.361 and the fact that 
v < n, completes the proof of Proposition 13.41 □ 

By Proposition 13.371 (i). the extensions in Propositions 13.11 and 13.31 have 
conductor < n over Kq. This fact, combined with Proposition 13.41 and 
Remark 11.21 proves Theorem II .li □ 

4. Further questions 

Question 4.1. Does Theorem 11.11 hold even if we allow p = 3 or no prime- 
to-p branch points? 

If there are no prime-to-p branch points (r = 0, in the language of ^3j), 
then X can have up to two new (etale) tails. This allows for a greater 
proliferation of subcases (for instance, the two new tails could branch out 
from the same point of the original component). Techniques similar to those 
used in ^3.31 should work, and we have worked out some of the easier cases 
(unpublished). However, keeping track of all the possibilities will be quite 
tedious, and we do not pursue the calculation here. 

If we allow p = 3 (even if we assume that there is a branch point of / 
with prime-to-p branching index), then the stable reduction of f str looks 
very different than what we determine in £13.31 In particular, Lemma 13.61 
does not hold. In fact, if Xj, is an etale tail with ramification invariant 
o"6 = |, then it must intersect a p 2 -component (because the conductor of 
a Z/3-extension in residue characteristic 3 cannot be 3). To pursue this 
case using the techniques of §3.31 would require good, explicit conditions 
characterizing the following extensions, in analogy with Lemma l2.141 Say R 
is a complete discrete valuation ring with fraction field K of characteristic 
0, residue field k algebraically closed of characteristic 3, and uniformizer tt. 
Suppose further that R contains the 9th roots of unity. Write A = R{t} and 
L = Frac(^4). We wish to characterize Z/9-extensions M of L such that the 
normalization B of A in M satisfies the following conditions: 

• Spec B/ir — > Spec A/tt is an etale extension with conductor 3. 

• Spec B/tt is integral. 

For a similar statement in residue characteristic 2, see [Obu09a, Lemma 
2.19]. 

Question 4.2. What if the condition txiq = 2 is relaxed in Theorem ll.il ? 

Allowing arbitrary txiq will require some new techniques, as the strong 
auxiliary cover is in general no longer a ^-cyclic extension of P , making 
it difficult to perform explicit computations. However, it turns out to be 
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true that, if the cover has bad reduction, the deformation data above the 
original component of X are all multiplicative, even for arbitrary mc (this 
holds for mc = 2, by adapting Lemma [331 to the r = and r = 2 cases). 
One might hope to obtain results using variations on the deformation the- 
ory of torsors under multiplicative group schemes that Wewers develops in 
[Wew05| . Perhaps this could also provide a shorter proof of Theorem 11.11 



Appendix A. An Example of Wild Monodromy 

In [Obu09b, Theorem 1.1], it is proven that if / : Y — > X is a three- 
point G-cover defined over a complete discrete valuation field K of mixed 
characteristic (0,p), where G has a cyclic p-Sylow subgroup of order p n and 
p does not divide the order of the center of G, then the wild monodromy 
group T w of / (i.e., the p-Sylow subgroup of Gal(K st / K), notation of §2.3|) 
has exponent dividing p n ~ l . In particular, if n = 1, then Y w is trivial (this is 
|Ray99 Theoreme 4.2.10]). In this appendix, we exhibit an example showing 



that the wild monodromy can be nontrivial when n > 1. This is surprisingly 
difficult (see Remark I A. Our example is based on the calculations of §3.31 
Throughout the appendix, let G = 5^2(251), and let k be an algebraically 
closed field of characteristic p = 5. Let Rq = W(k) and Kq = Frac(i?o)- 
Lastly, let K = Kq{p,$x) (that is, we adjoin all 5th-power roots of unity to 
K), and let R be the valuation ring of K. Note that G has a cyclic 5-Sylow 
subgroup of order 5 3 = 125 and vtlq = 2. We normalize all valuations on 
Rq, Kq, or any extensions thereof so that v (5) = 1. 

Proposition A.l. There exists a three-point cover f : Y — )• X = 
defined over K, such that the branching indices of the three branch points 
are e\, e2, and e%, with fs(ei) = ; v^fa) = 2, and ^5(63) = 3. 

Proof. We show that such a cover can be defined over Q ab . Since Q a6 K, 
this will prove the proposition. 
/ 1 1 \ 

Let a = I q j I G G. This has order 251. We claim there exists 

^ = (c d)^^ sa ^^ s fy^ n S the following properties: 

• The order of f3 is 250. 

• The order of a/3 is 50. 

• The matrices a and j3 generate 6X2(251). 

To prove the claim, first note that any GL2(251)-conjugacy class in G is 
determined by the trace of the matrices it contains, unless the trace is ±2. 
In particular, the trace of a matrix determines its order if it is not ±2. Let 
r be the trace of the matrices in some conjugacy class of order 250, and let 
p be the trace of the matrices in some conjugacy class of order 50. Then r, 
p, 2, and —2 are pairwise distinct. Choose a, b, c, and d in F251 solving the 
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(clearly solvable) system of equations: 

a + d = t 
a + c + d = p 
ad — be = 1 

Since the trace of a/3 is a + c + d, these equations ensure that /3 and a/3 have 
the desired orders. Let a and j3 be the images of a and /3 in H := PSX2(251). 
Since c / 0, one checks that /3 does not normalize the subgroup generated by 
a. Then, by |Hup87, II, Hauptsatz 8.27], we have that a and /3 generate H. 



Furthermore, since /3 is diagonalizable over GL2(251) and has eigenvalues 
of order 250, then /3 125 = — I2. Since a and /3 generate H, and /3 generates 
ker(G — > H), then a and /3 generate G. 

Consider the triple ([a], [/3], [a/3] -1 ) of conjugacy classes of G. By [MM99, 
I, Theorem 5.10 and Remark afterward], this triple is rigid. By [MM99, I, 
Theorem 4.8], there exists a three-point G-cover of P 1 , defined over Q ab , 
with branching indices e\ = ord(a) = 251, = ord(/3) = 250, and ei = 
ord((a/3)~ 1 ) = 50. This completes the proof of the proposition. □ 

Proposition A.2. If f : Y —> X = P]^ is a cover satisfying the properties 
of Proposition H4~7l then f has nontrivial wild monodromy T w . 

Proof. To fix notation, we assume / is branched at x = 0, x = 1, and 
x = 00 of index e±, e2, and e^, respectively, with us(ei) = 0, ^5(62) = 2, 
and ^5(63) = 3. By [ObulOl Lemma 3.2], the stable reduction of / has both 
a primitive etale tail and a new etale tail. Construct the strong auxiliary 
cover f str : Y str — > X of / ( §2.51) . This is a four-point G s ' r -cover, with 
G str ^ z / 125 x suc h that the action of Z/2 is faithful. As in flM]) and 
(|3.2p . this cover is given by 

(A.l) z 2 = X ~ a 



x 

125 



(A.2) = g{z): 



z + \Y (z + y/l 



lj \z-VT 



where r and s are integers satisfying v^(r) = and vs(s) = 1. Replacing 
y with a prime-to-5 power, we can assume s = 5. By Lemma 13.71 we have 
v(l — a) > in K(a)/K, and then Lemma 13.221 and Proposition !3.26T i) 
show that we can take o = 1 — In particular, / s * r is defined over K. 
By Proposition [33TT the stable model (f str ) st : (y^tr^t ^ X st of jstr has 
a new inseparable 5-tail X c . We claim that there is an extension L/K 
such that Gal (L/K) acts nontrivially of order 5 on the stable reduction 
/ : Y — > X of / str above X c . Since (/ sfr ) s * is a quotient of the stable 
model (f-u-xy 1 of the (standard) auxiliary cover f aux ( §2.5p . then Gal(-L/iT) 
will act nontrivially of order divisible by 5 above X c in (f aux y t as well. 
Lastly, since, above an etale neighborhood of X c , the stable model f st of 
/ is isomorphic to a set of disconnected copies of (J aua; ) st ) the action of 
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G&l(L/K) on the stable reduction / will be nontrivial of order divisible by 
5 above X c . By assumption, / is defined over K, so this will show that / 
has nontrivial wild monodromy. 

It remains to prove the claim. Let Z str = Y str / (Z/125), with stable model 
^gstryt an( j gtabjg reduction Z . Then z is a coordinate on Z str , and by 
Proposition l3.3lT iii). there is a component of Z above X c containing the 
specialization d of 

, 2 • 5 7 / 5 

z = a := , 

r 

where we can use any choice of 5th root. Since X c is a p-component, there 
are 25 points of Y above d. If g(d) is a 5th power, but not a 25th power, 
in K{d) = K(\/5), then if L = K(d, 2 yfd), the action of G&\(L/K(d)) will 
permute these 25 points in orbits of order 5, and we will be done. This 
follows from Lemma IA.31 below. □ 

Lemma A. 3. Let d = 2 ' 5 J 5 , where r is a prime-to-p integer and we choose 
any pth root of 5. Let g be the rational function in lA.ty . with s = 5 and 
a = 1 — Then g(d) is a 5th power, but not a 25th power, in K(\/5). 

Proof. Fix a 5th root of 5 in K, which we will denote by either \/5 or 5 1 / 5 . 
We first note that g(d) G K (\/5). By (I3TT9I) . we have 

^) = ±(l-^ 3 -^ 5 )+o(5 9 / 4 ). 

Upon plugging in d and simplifying, this gives 

g{d) = ±(1 - 3 • 5 11/5 - 4 • 5 2 ) + o(5 9/4 ). 

Using the binomal theorem, we see that g(d) has a 5th root 6 in Kq{^/5), 
and 

<5 = ±(l- 3-5 6/5 - 20) + o(5 5/4 ). 

We wish to show that 5 is not a 5th power in ^(-^5). 

Now, since K (\^5) / Kq(-\/5) is abelian, any subextension is Galois. So if 5 
is a 5th power in ^(-^5), then taking a 5th root of 8 must generate a Galois 
extension of Kq(\^5). This is clearly not the case unless 5 is already a 5th 
power in ^(v^), so it suffices to show that 5 is not a 5th power in Ko(\^5). 
Since —1 is a 5th power in Kq, we may assume that 5 = 19 + 3-5 6 / 5 + o(5 5 / 4 ). 

Suppose that e S Kq (\^5) such that e 5 = 5, and write 

e = a + p ■ 5 1/5 + 7 • 5 2/5 + rj ■ 5 3/5 + 6 ■ 5 4/5 , 

where a, (3, 7, 77, and 6 are in Kq. By Gauss' Lemma, e E -Rofv^]- Equating 
coefficients of 1 and 5 6 / 5 gives the equations 

a 4 /3 = 3 (mod 5) 
q 5 + 5/3 5 = 19 (mod 25) 
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The second equation yields a = 4 (mod 5), and then the first equation yields 
= 3 (mod 5). But then a 5 + 5/3 5 = 24 + 5 • 18 = 14 ^ 19 (mod 25). So e 
cannot exist, and we are done. □ 

Remark A. 4. The example above is quite complicated, and is not gener- 
alizable in any meaningful way (for instance, it depends critically on having 
p = 5). One hopes for easier examples, but they are difficult to come by. 
For instance, results of [Obu09a| §4.1] show that no examples of three-point 
Cr-covers with nontrivial wild monodromy can exist when G is p-solvable 
and txiq > 1. So if one wants to find an easier example where p does not 
divide the order of the center of G, one needs to look either at a group that 
is not p-solvable, or at a group of the form G = H x T,jp n , where the action 
of Z/p n on H is faithful. 

References 

[Bec89] S. Beckmann, Ramified primes in the field of moduli of branched coverings of 

curves, J. Algebra 125 (1989), 236-255. 
[BW04] I. I. Bouw and S. Wewers, Reduction of covers and Hurwitz spaces, J. Reine 

Angew. Math. 574 (2004), 1-49. 
[CH85] K. Coombes and D. Harbater, Hurwitz families and arithmetic Galois groups, 

Duke Math. J., 52 (1985), 821-839. 
[DM69] P. Deligne and D. Mumford, The irreducibility of the space of curves of given 

genus, Inst. Hautes Etudes Set. Publ. Math. 36 (1969), 75-109. 
[DR73] P. Deligne and M. Rapoport, Les schemas de modules de courbes elliptiques, 

Modular functions of one variable II, LNM 349, Springer- Verlag, 1972. pp 143- 

316. 

[Ful69] W. Fulton, Hurwitz schemes and irreducibility of moduli of algebraic curves, 

Ann. of Math., 90 (1969), no. 2, 542-575. 
[Hen98] Y. Henrio, Disques et couronnes ultrametriques, Courbes semi-stables et groupe 

fondamental en geometrie algebrique, Progr. Math., 187, Birkhauser Verlag, 

Basel, 1998, pp 21-32. 

[Hen99] Y. Henrio, These Universite Bordeaux 1, 1999. Available at 
http://www.math.u-bordeauxl.fr/~matignon/preprints.html 

[Hup87] B. Huppert, Endliche gruppen, Springer-Verlag, Berlin, 1987. 

[Kat86] N. Katz, Local-to-Global Extensions of Fundamental Groups, Ann. Inst. 
Fourier, Grenoble 36 (1986), 69-106. 

[Liu06] Q. Liu, Stable reduction of finite covers of curves, Compos. Math. 142 (2006), 
101-118. 

[MM99] G. Malle and B. H. Matzat, Inverse Galois theory, Springer-Verlag, Berlin, 
1999. 

[Obu09a] A. Obus, Fields of moduli of three-point G-covers with cyclic p-Sylow, I, 
preprint. Available at http://arxiv.org/abs/0911.1103v4 

[Obu09b] A. Obus, Vanishing cycles and wild monodromy, preprint. Available at 
[http: / /arxiv.org/abs/0910.0676v2 1 

[ObulO] A. Obus, Toward Abhyankar's inertia conjecture for PSL^ift), preprint. Avail- 
able at |http://arxiv.org/abs/1010.2819vT| 

[Ray90] M. Raynaud, p-Groupes et reduction semi-stable des courbes, the Grothendieck 
Festschrift, Vol. Ill, Progr. Math., 88, Birkhauser Boston, Boston, MA, 1990, 
pp. 179-197. 

[Ray94] M. Raynaud, Revetements de la droite affine en caracteristique p > et con- 
jecture d'Abhyankar, Invent. Math. 116 (1994), 425-462. 



50 



ANDREW OBUS 



[Ray99] M. Raynaud, Specialization des revetements en caracteristique p > 0, Ann. Set. 

Ecole Norm. Sup., 32 (1999), 87-126. 
[GAGA] J.-P. Serre. Geometrie algebrique et geometrie analytique, Ann. Inst. Fourier, 

Grenoble 6 (1955-1956), 1-42. 
[Scr79] J.-P. Serre, Local fields, Springer-Verlag, New York, 1979. 

[Wew03a] S. Wewers, Reduction and lifting of special metacyclic covers, Ann. Sci. Ecole 

Norm. Sup. (4) 36 (2003), 113-138. 
[Wew03b] S. Wewers, Three point covers with bad reduction, J. Amer. Math. Soc. 16 

(2003), 991-1032. 

[Wew05] S. Wewers, Formal deformation of curves with group scheme action, Ann. Inst. 

Fourier 55 (2005), 1105-1165. 
[Zas56] H. J. Zassenhaus, The theory of groups, 2nd erf., Chelsea Publishing Company, 

New York, 1956. 



Columbia University, Department of Mathematics, MC4403, 2990 Broadway, 
New York, NY 10027 

E-mail address: obus@math.columbia.edu 



